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Abstract: Embedding in an interconnection network maps the interconnection network G to H and analyzes the
relationship between G and H. Hypercubes and toruses are widely known as interconnection networks, and various
algorithms have been developed. The HCN graph is a network with a hierarchical structure to improve the network
cost of hypercube. In this study, we analyze the fault tolerance and embedding properties of HCN graphs. As a result
of the research, the HCN graph has the same node connectivity and degree, so it has the maximum fault tolerance
property. In addition, an algorithm that can one-to-one node map the HCN structure to the torus structure was
proposed. The embedding results showed that it was possible to embed the torus structure in the HCN graph at an
extension rate of 3 and dilation of 1. The results of the embedding study mean that various algorithms developed in
Torus can be efficiently used in the HCN structure.
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1. INTRODUCTION

Today, large-capacity data processing and fast computing speed are required in the process of solving many
problems in the fields of weather observation, nuclear energy, aerospace, advanced medicine, big data, and Al.
Among many methods to improve computing performance, there is supercomputing that applies parallel processing
techniques. A parallel processing computer connects a large number of processors through an interconnection
network, enabling fast calculations and processing of large amounts of data. Research on interconnection networks
has been conducted as a way to improve processing speed in parallel computer structures. An interconnection
network is a structure in which a large number of processing devices are connected through communication lines.
Graphs are used as mathematical models to analyze interconnection networks.

Graph theoretical properties of interconnected networks include degree, symmetry, scalability, bipartite graph,
interconnected network coloring, and independent sets. Application fields utilizing interconnection networks include
message transmission routing algorithms, routing paths without node duplication, fault tolerance, fault tolerant routing,
one-to-many broadcasting, Hamilton cycle, VLSI layout, and fault diagnosis [1].

The interconnection networks proposed so far are classified based on the number of nodes: Mesh, Torus, Honeycomb
Mesh, Hypercube, Folded Hypercube, Star graph, Transposition Graph, HCN(n,n), HFN(n,n) and Hyper-star [1].
Embedding of an interconnection network is to analyze whether the algorithm developed in an interconnection network
G can be utilized in another interconnection network H. Embedding analysis is a method to efficiently utilize algorithms
developed in interconnection networks. Parallel processing techniques to improve computer performance model the
interconnection network structure as a graph and analyze it from a graph theory perspective. The method of modeling
an interconnection network as a graph represents the processors of the interconnection network as nodes in the
graph, and the communication lines connecting the processors as edges of the graph. The analysis method is to map
the nodes and edges of graph G to the nodes and edges of another graph H one-to-one. The evaluation criteria for
embedding include dilation, density rate, and expansion rate. Dilation refers to the routing distance from node u' to V'
in graph H when two adjacent nodes u and v in graph G are mapped to nodes u' and v' in H [2-4].

The mesh structure is a flat graph that is used in the fields of VLSI circuit design, mobile communication systems,
graphics, animation, and 3D modeling. Parallel computer structures utilizing mesh structures have been
commercialized by MPP (Goodyear Aerospace), MP-1 (MASPAR), Victor (IBM), Paragon (Intel), and T3D (Cray) [5].
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There is a torus structure as an interconnection network in which the diameter of the mesh structure has been
improved to approximately 1/2. A torus is a network constructed by connecting two nodes at both ends of a mesh row
(column) with wraparound edges. The torus structure has advantages such as node symmetry, edge symmetry, short
diameter, Hamilton cycle, and maximum fault tolerance [6][7][16].

Hypercube has node symmetry, edge symmetry, simple routing algorithm, and maximum fault tolerance. Hypercube
has the disadvantage of increasing network costs because the degree increase rate is O(n) as the number of nodes
increases [8][9]. To improve the network cost of hypercube, folded hypercube, HCN(n,n), HFN(n,n), etc. have been
proposed [10][11][12].

In this paper, we propose and analyze a torus structure with the same number of nodes, 2%", and a node mapping
algorithm for HCN(n,n). The structure of this paper is as follows. In Chapter 2, we learn about the torus and HCN(n,n)
structures, and in Chapter 3, we analyze the fault tolerance of HCN(n,n) and the embedding algorithm between the
220k % 2k torus and the HCN(n,n) graph. Analyze. Finally, conclusions are drawn in Chapter 4.

2. RELATED RESEARCH

A common method of expressing node addresses in a torus structure is to express them according to the row and
column where the node is located.

In this paper, the node address of a 22"% x 2k torus will be expressed using gray code. In the torus 2277k x 2k
structure, 22"~K represents the row position and 2¥ represents the column. The address of each node is expressed
as a continuous 2n bit string by concatenating the row address followed by the column address.

Gray code is a coding method in which only one bit changes in a continuous binary bit string [13]. Gray code has self-
conservativeness and periodicity, and (n+1)-bit gray code g, ---g:g, is a random (n+1)-bit binary number. It can be
derived from b,, ---b, b, as follows.

9i=bi®b;.1, 0<i<n-1, g,= by.

Also, let B; be a binary bit string of integer i, and B’; be a bit string obtained by shifting B; one bit to the right. B'; is a
binary bit string in which the B; bit string is shifted by one bit and 0 is inserted on the left. The i-th gray code G in the
bit string of B’; can be defined as follows (0<i< 2™-1).

Gi:BieaB,i

The symbol @ in the formula represents exclusive-OR operation [9]. For example, 2-bit gray code is expressed as
00-01-11-10. 3-bit gray code can be expressed as 000-001-011-010-110-111-101-100 using 2-bit gray code.

A. Constant degree interconnection network

The mesh class is used as an interconnection network for multiple computers. Node addresses constituting an n-
dimensional mesh can be expressed as an n-dimensional vector, and an edge exists when the addresses of two
nodes differ by 1 in one dimension. Low-dimensional meshes have the advantage of being easy to design and highly
scalable, but have the disadvantage of being large in diameter. High-dimensional meshes have smaller diameters
and have efficient characteristics for parallel algorithms, but have the disadvantage of being expensive to implement.
A torus structure was proposed to improve the shortcomings of the mesh structure. A torus has a regular network
structure by adding wraparound edges to connect nodes at both ends of rows (columns) in a two-dimensional mesh
structure.

When the torus structure is expressed k x n, there are k x n nodes, 2kn edges, degree 4, and diameter [ﬂ + [ﬂ In

this paper, the node address of the 22"% x 2k torus is expressed as H = (hh, ... h,hy 41 .... hy,). Node address
expressed as 2n bit strings The set of nodes with the same bit string from the 1st to the nth node will be called a
cluster (hyh, ... h,,). Therefore, there are 2™ clusters in the 22%~% x 2% torus.

For example, a 4x4 torus has cluster(00), cluster(01), cluster(10), and cluster(11). The cluster and node addresses
of the 4x4 torus structure are expressed in gray code as shown in Figure same. Four nodes in one row (column) are
the nodes that make up a cluster. In this paper, the 22" x 2k torus is simply referred to as a torus. In Figure 1, nodes
constituting the cluster 00 are {0000, 0001, 0011, 0010}.
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Figure 1

Various methods have been proposed to improve the diameter of the torus structure. For example, there are ways to
reduce the number of degree of the interconnection network, change the node edge definition, use a structure with a
short diameter, and layer the interconnection network structure. Toroidal mesh[19], Diagonal mesh[19], Honeycomb
mesh[18], Petersen-torus[21], Hyper-torus[20], Semi-diagonal torus[17] are networks that improve the diameter of the
constant degree graph have been proposed[25].

B. Hierarchical interconnection network

A layered structure of basic modules was proposed as a way to improve the diameter of the hypercube. Hierarchical
structures that expand the number of nodes using basic modules include HCN(n,n) [23], HFN(n,n) [24], and
Hierarchical Petersen Network [22].

HCN(n,n) is a network expanded to have a hierarchical structure using the n-dimensional hypercube Q,, as a basic
module. HCN(n,n) has 2?" nodes, (n + 1)22""! edges, and degree n+1 [14-15]. The node address of HCN(n,n) is
expressed as (1,J). In the node address (1,J), | represents the basic module of the hypercube, and J identifies the
nodes inside the module. HCN(n,n) is divided into an internal edge and an external edge.

Internal edges connect nodes in a module, and external edges connect nodes in different modules. The external edge
is divided into diameter edge and non-diameter edge according to the node address (1,J). The diameter edge connects
node (l,1) and node (J3,J), and | and J are complementary to each other. An external edge that is not a diameter edge
is called a non-diameter edge, and connects node (1,J) with node (J,1).

Figure 2. HCN (3, 3)
3. FAULT TOLERANCE AND NODE MAPPING ALGORITHM

A. HCN (n,n) Fault Tolerance

Fault tolerance is a measure that evaluates the severity of node failure in an interconnection network. Node (edge)
connectivity is the minimum number of nodes (edges) that must be removed to divide the interconnection network
into two or more graphs without overlapping nodes (edges). When k-1 or less nodes are removed from the
interconnection network, the network is in a connected graph state, and when the appropriate k nodes are removed
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and the interconnection network is separated, the degree of connectivity of the interconnection network is called k.
An interconnection network with the same node connectivity and degree is said to have maximum fault tolerance [1].

Let the node connectivity, edge connectivity, and degree of the interconnection network G be ,(G), A(G), and 8(G),
respectively. Itis known that ,(G) < A(G) < 8(G)between the connectivity degree and the degree[16]. To analyze the
maximum fault tolerance properties of the HCN(n,n) graph, we prove that the node connectivity and degree are the
same. Additionally, using the degree and node connectivity results, it is shown that HCN(n,n) has the maximum fault
tolerance.

Theorem 1 The node connectivity of HCN(n,n) is n+1 k(HCN(n, n)) =n+1(n=2).

Proof The degree of HCN(n,n) is n+1, and the basic module of the hierarchy is the n-dimensional hypercube Q,,. It
shows that HCN(n,n) is not divided even if n random nodes are removed from HCN(n,n). In (1,J), which represents a
node of HCN(n,n), | is the address of the basic module itself, and J is the address of the node inside the basic module.
The basic module of HCN(n,n) consists of 2™ hypercubes @,,, and the node (1,J) inside the basic module is connected
to the node (J,1) of another module by a non-diameter link. (1 < I,J] < 2",1 # ). Additionally, the node (I, J) inside
the basic module is connected to the node (I,]) of another module by a diameter link (1 <1 =] < 2").

In HCN(n,n), let |X| be the failed nodes and be a subset of V(HCN(n,n)) where It is shown
that ,(HCN(n,n)) = n+ 1by showing that the graph from which the faulty node set X is removed from HCN(n,n) is a
connected graph.

Let the nodes of HCN(n,n) be S, and the graph obtained by removing the set of failed nodes X from HCN(n,n) is
denoted as HCN(n,n)-X. It is divided into two types according to the location of the node X to be removed from
HCN(n,n), showing that HCN(n,n)-X is always a connected graph.

Case 1. When the faulty node set X is located in one basic module of HCN(n,n)

When the address of hode S of HCN(n,n) is (1,J), from the degree n+1 of HCN(n,n) to the node in hypercube @,, with
the address of basic module | including node S The number of connected degree is n. If n nodes adjacent to node S
are the same as the node X to be removed, the basic module | including node S is divided into two components. That
is, it is divided into a hypercube @,,-X graph and node S. However, all nodes of basic module I, including node S, are
connected to nodes (J,1) in other basic modules J by non-diameter links if 1 # J. Also, when | = J, there is one edge
connecting the nodes (/,)]) in the basic module I by a diameter link.

And the node (J,1) and the node (I,]) are connected to the inner edge of another basic module by a non-diameter link
or diameter link. Therefore, in HCN(n,n), if n faulty node sets X are located within one basic module, HCN(n,n)-X is
always connected. If only a out of n nodes adjacent to a certain node S of basic module | belong to the failed node
set X, and n-a failed nodes belonging to the failed node set It is easy to see from the above case that HCN(n,n) is a
connected graph.

Case 2. When X is located in two or more basic modules

In HCN(n,n), assuming that failed nodes are distributed across two or more basic modules | and J, the number of
nodes that fail in one basic module | or J is at most n-1. In HCN(n,n), the number of degree for each node in the basic
module is n, so even if n-1 adjacent nodes are removed from node S of basic module | or J, node S remains 1 of
basic module | including node S. It can be seen from case 1 that it is connected to the dog node. If the remaining
node to be removed is a node of basic module J that does not include S, it can be seen that HCN(n,n)-X is connected.

Therefore, it can be seen that HCN(n,n) is always connected even if the faulty node set X at any position is removed
from HCN(n,n).

The node connectivity of HCN(n, n) is k(HCN(n, n)) > n + 1, which is the same as the number of degree, and HCN(n,

n) is a regular network with a number of degree n+1, k(HCN(n, n)) < n+ 1. Therefore, k(HCN(n, n)) =n+1, and
HCN(n, n) has the maximum fault tolerance.
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B. HCN (n,n) Node mapping Algorithm

22nk x 2k torus and HCN(n,n) have the same 22" nodes. The nodes of the torus are mapped one-to-one to those
with the same node address in HCN(n,n). Because the torus cluster has the same structure as the basic module of
HCN, the torus cluster node is mapped to the basic module node of HCN(n,n). And the edge connecting the cluster
of the torus is mapped to the external edge connecting the basic module of HCN(n,n).

Theorem 2 22"k x 2k torus structure is HCN(n,n), which allows one-to-one node mapping with a dilation of 3 and
an expansion rate of 1.

Proof Let us classify two adjacent nodes in a torus structure as H = (hyh,..h hypq . hyy) and H' =
(h'1h'y b Ry R 5). Arandom node in HCN is S = (5183 - SpSpg1 - San)y ST = (8'18"5 o 8'nS"ns1 - S'2n). Map
node H of the torus into node S of the HCN, and map node H' of the torus into node S' of the HCN. The dilation is
analyzed by analyzing the path length from node S of HCN to node S'. The cases are divided according to the bit
string conditions of the node H of the torus and the adjacent H'.

Case 1. hlhz "'h‘l’l = h’lh’Z "'h"l‘l.

The bit string of node S of HCN to which node H of torus is mapped is (515, ... S; ... Sp, Sp41 - Sj .- S2p,), @nd the bit string
of node S' to which node H' is mapped is (s;5; ... S; ... Sp, Sp41 - Sj - S2n). N the bit strings of nodes S and S', only the
j-th bit is complementary to each other, so it can be seen that nodes S and S' are nodes within the same module of
HCN. By the definition of HCN, nodes S and S' are nodes adjacent to each other. Therefore, it can be seen that
embedding is possible at a dilation of 1 when mapping the nodes H and H' of the torus to the nodes S and S' of the
HCN, respectively.

H = 000000 H" = 000001
Taurs L L
mappRIing mapping
HCM[Z3) @ »
5 = 00D, 000 £ = 000,001

Figure 3. Casel
Case 2. hjh,..h, # h';h'; .. K,

The bit string of node S of HCN to which node H' of the torus is mapped is (s;S; ... S; ... Sp, Sp41 - Sj - S25), @nd the
node S'to which node H' is mapped is (513 ... S; .. Sp, Spt1 + Sj - Szn). Since only the i-th bit in the bit strings of nodes
S and S'is complement, it can be seen that S and S' are nodes in different modules of HCN. The nodes of the mapped
HCN (5152 .. S« Spy Spy1 - Sj e Spp)are converted to (Sy4q . Sj ... Szn, $152 - S; .. S, )DY Non-diameter edges. Connect to
Connect the connected node (Sy4q .. Sj ... S2n, $152 +.. S; ... Sp) 10 the node (spyq ...Sj ... Sz, 5152 ... S; ... S,) inside the
module.

Connect the connected (Spq - Sj - Szn) S1S2 S+ Sp) 10 (Spyq e Sj o Sony S1S2 .. S; ... Sp) by @ non-diameter edge.
Therefore, it can be seen that embedding is possible at a dilation of 3 when mapping the nodes H and H' of the torus
to the nodes S and S' of the HCN, respectively.

H = 101000 H'=001000
Tours L J
mapping mapping
HCN(3,3) @ L o L ]
S =101,000 000,101 000,001 S'=001,000

Figure 4. Case 2
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Case 3. hyhy .. hy # K'yR'y . By, and hyhy . hy = hyyy o by,

The bit string of node S of HCN to which node H of the torus is mapped is (s;S; ... S; ... Sy, Sp41 - Sj - S2), @nd the bit
string of node S' to which node H' is mapped is (5152 s i ves Spy S e Sj 52,1). Among the mapped bit strings of node
S, since $1S; ... 5; ... Sy = Spy1 - Sj ... Sap, there is no need to use the first connected non-diameter edge in case 2.
Therefore, in this case, dilation is 2.

H = 000000 H'=001000
Tours
mapping mapping
HCN(3,3) @
$=000,000 S'=001,000

Figure 5. Case 3
As proven in the three cases above, the dilation required to embed a torus in HCN is 3 or less.
Theorem 3 HCN(n,n) can be mapped to a 22" % x 2k Torus at a dilation of 0(2").

Proof The internal edge, non-diameter edge, and diameter edge are the edges that make up HCN. After HCN's nodes
U= (1,J) and V= (J,I) are thought to be 1-to-1 respectively as Torus' nodes U'= (I,J) and V'= (J,1), the dilation is
calculated by analyzing the path length.

Case 1. Internal edge

The n-dimensional hypercube, the basic module of HCN, is represented by an inner edge. The inner edge of HCN
can be mapped 1-to-1 into a cluster of 22"~% x 2% Torus, so the dilation is 1. For example, the edge (0000,0001) of
HCN is mapped to (0000,0001) in the torus structure.

0100

a’ b’ c d’
/.
<1100
i
7
/!
e
D CI DR
_—>
R CECORCOCD
" 0000 0010 1000

Figure 6. Internal Edge
Case 2. Non-diameter edge

The node address V= (J,1) is connected to the HCN node U= (I,J) by a non-diameter edge. The nodes U and V of
HCN are mapped 1-to-1 into U'= (1,J) and V'= (J,1), which have the same node address of Torus. There are two
possible movement paths from Torus node U'= (1,J) to V'= (J,1) as follows. Each cluster in Torus has 2" nodes in each
row and column, organized in a ring shape.

Path 1: U'= (1,J) — (I,I) = V'=(J,I)
Path 2: U'= (I,J) — (J,J) - V'=(J,J)
The path from U'=(l,J) — (1,I) of path 1 requires a maximum length of ?Within one cluster consisting of a row-shaped

ring. The path length from node (I,1) — V'=(J,l) requires a maximum length of %within one cluster consisting of a
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column-shaped ring. Therefore, the dilation of path 1 is 2". If a similar method is applied to path 2, the dilation is 2™.
For example, the path of HCN's edge (0011, 1100) mapped from the torus is as follows.

Path: 0011 —>0111->1111->1101->1100

-0

mapping

o100 ® mapping

0001 @

.

\ ; ;
\ q
0100 \
0000 0010 1000 | . o

Non-diameter edge

.'1’:|11
Figure 7. Non-diameter edge
Case 3. Diameter edge

In HCN, nodes U= (1,I) and V= (J,J) are connected by diameter edges. At this time, I=]. The nodes U and V of HCN
are mapped 1-to-1 to U'= (lI,I) and V'= (J,J), which have the same node address of Torus. The same method as case
2 is applied to the path length from node U' to V'. Therefore, the dilation is 2™.For example, the path of HCN's edge
(0000,1111) mapped from the torus is as follows.

Path: 0000—>0001->0011->0111->1111

diameter edge
PSS A ,/Lfa
e

. . . :
X ‘ ~
o ot ::_ouo)aw%(cgonj}vng@m 1)

_ —-
1101 1M i
oot 11108 .
e mapping
- <

falelo]e] 0100 /

FR N S VA AV AV AV P
T
{
IIII
I||
|II|
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|
|II
|
e
\_/

",
/
{ /__.\\
>/

Figure 8
Therefore, HCN can map nodes one-to-one with a 22"~* x 2k Torus with dilation of 0(2™).
4. CONCLUSION

The demand for high-performance computing to solve many problems in the field of science and technology continues
to increase. Embedding of interconnection networks is a research field aimed at efficiently utilizing algorithms
developed in computer architectures for parallel processing. Embedding of an interconnection network is mapping a
network G to a network H to find out how a network G is included in or related to another network H.

In this paper, through analysis of the fault tolerance of the HCN(n,n) graph, it was shown that the HCN(n,n) graph has
the maximum fault tolerance. In addition, the embedding properties were analyzed to utilize the algorithm developed
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in the torus structure, which is widely used as an interconnection network, in the HCN(n,n) graph. It was shown that
the torus structure can be embedded in HCN(n,n) with dilation of 3, and the HCN(n,n) structure can be mapped to
the torus graph with an extension rate of 0(2"). The research results of this paper mean that various algorithms

deve

This
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loped in Torus can be efficiently used in HCN(n,n).
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