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Abstract: After a review of the fundamental properties of the high-T. cuprate superconductors, we evaluate and study
the major parameters of these compounds. In this approach, we consider the attractive interaction is due to the phonons
at low temperature, but at high temperature it is related to the magnetic excitations. Analytical expressions for the
coherence length ¢, the isotope coefficient oo and the superconducting gap ratio R =2A(0)/k,T. are obtained for the

case where the Fermi level is close to the van Hove singularity. This model explains simultaneously high T, large gap
energy A(0), short coherence length ¢ and small values of the isotope coefficient o.. Our theoretical values are in a

good agreement with experimental results.
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1. INTRODUCTION

Physics of high-T. superconductors has been a very
interesting domain during the period following the
discovery of high-temperature superconductivity by
Bednorz and Muller in 1986 [1]. They discovered the
superconductivity in lanthanum compound La, xM4CuO,4
(M is an alkaline-earth metal: M = Ba, Sr or Ca) with
T, =~ 30 K. Since this discovery, other compounds
are discovered and the critical temperature has
reached values of the order of 135 K. During this
period, there is an intense research both
experimentally and theoreticcally to understand the
fundamental mechanism of superconductivity in these
compounds. There are many unsolved problems both
in the normal and superconducting states. There are
five types of materials of the hole-doped cuprates:

e lanthanum compound La,M,CuO, with 7™ = 38 -
39 K for Xx=0.15-0.16. For x=0, this com-
pound is antiferromagnetic (AF) insulator. This AF

disappears for X >0.03, while superconductivity
appears for x>0.06 and decreases to zero for
x=0.27 (Figure 1);

e yttrium compound YBa,Cu3Og.x with 7. = 91 - 93
K for Xx=0.9. This compound is AF insulator for
X=0. T¢x) increases beyond X=0.4 up to
X=0.6 with a second increase up to X=0.9
(Figure 2);

e bismuth compounds BimSroCan.1CunOonsmso+x
(m2(n—l)n,n:2,3): the compound Bi-2212 i.e
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Bi,Sr,CaCu,0s with 7,"* = 85 — 86 K and Bi-2223
i.e BiszzC&zCUgOlo with Tma); =110K;

e thallium compounds TlnBaxCan.1Cun.O2nims2
(m2(n — )n,n = 2,3): the compound Th-2212 with
T™ =100 K and Th-2223 with 7™ = 125 K;

e mercury compounds HgBa,Can.1CunOznix+2
(Hg-12(n—-1)n,n=1,2,3). Samples of optimally
doped Hg-1201, Hg-1212, and Hg-1223 have
critical temperature T, = 96 K, 123 K and 135 K
respectively.
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Figure 1: Phase diagrams of lanthanum compound La,-
«SrCu0y for 0 < x £0.27 and neodymium compound Nds.
«CexCu0y for 0 < x <0.2 [37].

These new compounds differ from the conventional

superconductors in various ways. All the high-T,
cuprate superconductors have CuO, planes playing a
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fundamental role both in the normal and supercon-
ducting states. These new superconductors are doped

materials, with T_ strongly depending on the carrier

concentration x. In the absence of doping, the CuO,
plane has strong antiferrmagnetic correlation and the
insulating antiferroagnetic state is converted into a
metallic paramagnetic one with doping [2]. The
superconducting  transition  temperature T.(x)
increases with doping and reaches its maximum at
optimum doping Xop- The overdoped state of the high-

T. oxides is characterized by a decrease in T.. An
additional increase in hole doping x, leads to a total
suppression in  superconductivity. It has been
suggested that there is an universal relation between
T. and the hole concentration x. The superconducting
transition temperature can be described by the
empirical formula: 7, (x)/T™ =1-((x,, — x)/x,)?
where Xop the optimum doping and x, the width of the

parabola [3-5]. The parabolic form of the curve
obtained from this formula, seams universal for all the
cuprates. In the underdoped region, the cuprate
superconductors are characterized by the opening of a
pseudogap. This phenomenon can be reconciled with
the van Hove singularity [4]. In the low doping regime,
the pseudogap A, (x) is large compared to the

superconducting gap A, (x) [6]. When the hole

concentration X increases the pseudogap decreases
while the superconducting gap increases. At optimum
doping A, (x) is maximum and A (x) is suppressed
to zero. The SC gap can be described by the
empirical formula deduced from T (x):

A ()AL =1-((x,, — x)/x,)* and the pseudogap
can be expressed as A, (x)/A}" =(1—x/x,,)[7].
The pseudogag increases weakly with the temperature
T while the SC gap decreases with T. The total gap

A(T) = &,(T) + £,(T)
consistent with experimental observations [8]. The

pseudogap A, (T) reaches its maximum at 7>T..

op

is nearly constant and

From its maximum, Apg (T) decreases with T and it is

suppressed at pseudogap critical temperature T .

At low temperature, the total gap becomes a pure
SC gap, but at high temperature it is a pure pseudogap
(T.<T<T"), and at intermediate temperatures the
gap has two contributions, one form the supercon-
ducting gap and the other form the pseudogap [6, 9].

In conventional superconductors, pairing of charge
carriers and superfluidity of Cooper pairs occur

simultaneously at 7" = T... In cuprate superconductors,
the pairing of charge carriers may be occur at high

pseudogap temperature 7" than 7. at which the

preformed Cooper pairs condense in a supercon-
ducting state [10].

Now we list some of nhumber of electronic properties
which are anomalous from the standard point of BCS
behavior. These anomalous electronic properties
include: (a) extremely short in plane coherence lengths
have been determined for some of the cuprate
superconductors: about 16 A for yttrium compound
YBa,Cuz0; [11, 12], 13.6 A for thallium compound TI-
2223 [13], 9.7 A for Bi-2223 and 9 + 1 A for Bi-2212
[14], (b) large penetration depth A which with (a)
causes type-Il behavior with k=24, /§>10, (c) low
charge carriers density n, (d) an enhanced effective
mass m’", (e) small isotope coefficient (: in general
this coefficient is greater than zero but it is significantly
smaller than the BCS value o =0.5 [15-21]. For
instance the isotope coefficient is =0.06—0.09 in
La; g5Sro.15CuUO, with Yowax ~ 38 K; o =0.02-0.03 in
YBa,CusO; with 7™ =92 K; a=0.03-0.05in
Bi,Sr,CaCu,0s with 7" =86 K; o = 0.03 and even
negative (o =-0.013) in Bi,Sr,CayCuz0yp With
T™ =110 K. The deviation of ¢ from the BCS value
remains an open question, (f) large value of the
superconducting gap ratio R=2A(0)/k,T.: this
parameter has the magnitude =3.53 for the
conventional superconductors, but it is much larger
being =5—13 for the cuprate superconductors [22-
30]. A break-junction tunneling study of the single
crystal La; gsSro15sCuO, has found a superconducting
gap ratio of 8.9 + 0.2 [22]. Experimental results show
that this ratio is 10.2 + 0.4 for yttrium compound
YBa,Cu30¢.x and 10 for bismuth compounds [23].
Other experimental results show that for optimally
doped Hg-1201, Hg-1212 and Hg-1223, the
superconducting gap ratios are respectively 7.9, 9.5
and 13 [24]. The problem of the small isotope
coefficient and the large ratio R are still not
understood. Various theories, based on electronic as
well as phonon based interactions, have been
proposed to explain different properties of the high-T,
superconductors.

In this work we develop the Kuruhara model in the
van Hove scenario [31]. We consider the attractive
interaction is due to the phonons at low temperature
but at high temperature it is related to the magnetic
excitations. We discuss several properties of these
compounds. To understand the electron pairing
mechanism responsible for superconductivity in high-T,
superconductors, it is necessary to have a clear picture
of the magnetic and electronic structure of these
compounds.
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2. MAGNETIC PROPERTIES

The cuprate superconductors such La,,SrCuO,
and YBa,CuzOg.x are antiferromagnetic insulators in
low doping regime. Upon hole doping, the antiferro-
magnetic order rapidly disappears and the system
becomes a superconductor [32-37]. In these compou-
nds the magnetic correlations persist and are still
present at optimum doping Xop [32, 34, 35].

In low doping regime x —0, La,,SrCuO, is
antiferromagntic insulator. When x increases the Neel
temperature 7, (x) decreases from its maximum value
7,(0)=260 K and it is suppressed to zero at
x,=0.0212 (Figure 1). For yttrium compound
YBa,Cu3Oeix, T, (x) decreases from its maximum
value T, (0) =460 K and it is suppressed at critical
doping x, =0.4 (Figure 2). The doping dependence of
the Neel temperature can be described by the formula:
T, (x) =T, (0)(1— (x/x,)") [4, 33].
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Figure 2: Phase diagram of yttrium compound YBayCu3zOe+x
for 0 < x <1[35-37].

In La,4SrCuO,4, the occurrence of superconduc-
tivity is obtained only after the complete destruction of
the three-dimensional AF order. The magnetic
correlation length fm(x) decreases with doping and is
about equal to the average spacing between the doped
holes. The magnetic correlation length & (x) which is
about 1 nm persists in high-T.. This means that the
carriers move against the background of the localized

spin lattice. In conventional superconductors, there is
no localized spin. This observation leads to assume the
positive involvement of some magnetic interaction in
the mechanism of high-T. superconductivity [34].

The yttrium compound YBa,Cu3Og. is an antiferro-
magnetic in its tetragonal phase at small x, and
becomes a superconducting metal in the large x
orthorhombic phase. The AF ordering in the tetragonal
phase is dominated by localized Cu moments in CuO,
planes. The Cu moments within the CuO, planes
order antiferromagnetically because of nearest
neighbor super-exchange interaction and the planes
couple together antiferromagnetically along the c axis.
The magnetic order is not destroyed by mobile holes
until the tetragonal-orthorhombic phase boundary is
reached [35].

In all the high-T, cuprate superconductors the AF
phase is destabilized by the reduction of the electron
number in the CuO, planes. But in YBa,CuzOs.y, this
phenomenon occurs in a specific way, with the
appearance of the CuO chains distorting the tetragonal
lattice to an orthorhombic one, and leading to a strong
and immediate reduction of the antiferromagnetic
susceptibility y,(q), which no longer diverges, even if
the Fermi level &, coincides with one of the two
singularities [36].

In general, for the high-T. oxide superconductors
there is non-coexistence between superconductivity (S)
and three-dimensional (3D) antiferromagnetism, but
experimental results show that there is a coexistence
between S and 2D AF characterized by a short
magnetic correlation length decreasing with x. For
lanthanum compound La,4SrCuO, and bismuth
compounds, it has been shown that 7,(x) and 7}, (x)
disappear together when it becomes metallic for higher
x value. This fact suggests that the magnetic
excitations can give an attractive interaction between
two electrons or holes [37].

The crucial structural element for the unusual
superconductivity is the CuO, plane. The lanthanum
compound La,,Sr,CuO, contains only CuO, planes
between layers La(Ba)O. There is one CuO, plane per
unit cell. In yttrium compound, each unit cell contains
two CuO, planes plus a Cu layer in which oxygen
bridges the Cu along just one direction, creating
parallel CuO chains [35]. A yttrium plane is between
the two CuO, planes with also BaO planes above and
the so called Cu (1)-O chain planes. The chain CuO
causes the b parameter to be longer than a, so that the
structure is orthorhombic. The x oxygen concen-
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tration enters only along the b axis and not along the a
axis of these planes. There is a function of x a
tetragonal-orthorhombic transition with a = 3.83 A and
b = 3.88 A; along the direction perpendicular to these
planes one can define the c axis whose unit cell
periodicity is of order 11.7 A [37]. The good
conductivity occurs essentially in CuO, planes, while
other intermediate planes can be less metallic or even
insulating.

3. TYPICAL FEATURES OF HIGH-T¢ CUPRATE
SUPERCONDUCTORS

We know that the atomic structure of these
compounds is very anisotropic, from which also follow
electronic anisotropies. The penetration depth A given

-2 * . .
by A, o n/m,  where n is the charge carrier

density and m" is the effective mass, is very
anisotropic, i.e large in c-direction than in ab-plane:
A 1A, =3—10. This anisotropy of the penetration
depth implies anisotropy of the effective mass:
m. /m,, =25. For large anisotropy ratio A, /4, =35,
an effective penetration depth leﬁ. is independent of
the anisotropy ratio and is solely determined by /lab

A =1.234,, [38, 39]. The values of A, and A, are

deduced from the experimental value of the penetration
depth leﬁ. (0) =155 nm and the known anisotropy ratio

A 1A, =5. According to this equation, the following
values for the penetration depth at T = 0 were
calculated for YBayCu3Oguy: ﬂ,ab(O)=13O nm and

A.(0) =500—-800 nm. Another interesting problem
concerns the anisotropy of the coherence length § For
lanthanum compound La,SrCuOs, &, is =20—35

A and & =4-7 A For yttrium compound

YBa,Cu30¢sx, &, is =15—16 Aand &, =1-3 A we
estimate that the ratio &, /&_ is about 5 for the cuprate
superconductors. Compared to the conventional

superconductors, the penetration depth A is large and
the coherence length & is much smaller. The small
value of fC indicates that between the CuO, planes the
superconducting order parameter is weaker, a fact
related to the superconducting coupling between
planes [37]. In addition, it is found that the coherence
length & in the c-direction becomes much smaller

than the inter-plane distance I. It means that the
Cooper pairs are concentrated near planes and propa-
gate along the plane. The overlapping of electronic
wave functions is very sensitive to small displacements
of atoms and thus, may be extremely anisotropic.
Electron Bloch wave functions in the normal state of
layered metals are rather strongly modulated in the
direction c perpendicular to conducting ab planes [40].

Measurements by tunneling effects of the gap
energy A(0) show that the superconducting gap ratio
R=2A(0)/k,T, is anisotropic i.e large in ab planes
compared to the c-direction [41]. For yttrium compound
Y-123, R, is =5.6-10 and R, =3.6, while for
bismuth compounds Bi-2212 and Bi-2223, R, is
~8-10 and R, =6. The electrical resistivity ratio
p./p,, is of order 30 for yttrium compound Y-123, of

order 200 for lanthanum compound La,Sr,CuO,, even
of order 4x10* for bismuth compound Bi-2212 [42] and
of order 1000 for mercury compound Hg-1223 [43].
This indicates clearly that the good conductivity occurs
essentially in the CuO, planes.

To study the physical properties of the high-T,
superconductors, it is important to know the Fermi
energy, the Fermi velocity, the coupling constant, the
effective mass of carriers, etc. These parameters are
well known for the conventional superconductors.

It is now well accepted that the origin of
superconductivity is found in the CuO, planes which
are weakly coupled together along the perpendicular
axis, so that their electronic structure will be quasi-two
dimensional.

All the known high-T, superconductors have
conducting CuO; planes separated by insulating layers.
Many experimental results [44-47] have identified the
presence of saddle points (SP) in the band structure
energy. These saddle points produce a van Hove
singularity (VHS) in the density of states. In high-T; Cu
oxides, the Fermi velocity is not constant. We know
that pure superconductors metal such Al, In, Nb, Pb,
Sn and Zn are very well described by the free electron
model. For two-dimensional square lattice in this
model, the density of states is constant, but for the new
superconductors, the presence of the saddle points
leads to the singularity in the density of states.

Near the singularity, we consider a two-dimensional
electronic spectrum given by [48-50].

2

eky=e,(1-y)+ f

5k, &)
where & is the Fermi energy and m’ is the effective
mass of carriers in CuO, plane. The electronic
spectrum described by Eq. (1) gives logarithmic
singularities in the density of states at €, = £,(1-7).
The parameter y allows us to control the position of the
VHS with respect to the Fermi level, i.e
Y = (& — Eyys)/Ep. The electronic spectrum given by
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Eqg. (1) has been shown to be in a good agreement with
angle-resolved photoemission spectra experiments in
high-T, superconductors and can explain main
electronic properties of these new compounds [48].
From Eq. (1), we have the following expression of the
density of states near the singularity

dN(e) 2m'a’ n’n’
= =5 M Al
de nh 4m a |e g1 y)|

n (&) (2)

Near the band edge, the energy &(k) has the form

hk?
2m’

e(k)= (3)

and the density of states (DOS) is constant in two-
dimensional square lattice

m'a’
no = 27rh2 * (4)
The final density of states n(€) takes the form
2m'a’® n’h’ m'a’®
nE)=—51In——m— + )
m°h T Am'dle—g,(1-y) 2mh

In the tight-binding model, the energy dispersion is
given by &(k)= —2t(coskxa+coskya) where t is the
transfer integral. The Fermi surface is a perfect square
and near the singularity, the density of states is
n(e) = (1/2D)In(D/e) where D= ’t [51]. Near the
band edge the two-dimensional electronic spectrum is
developed as &(k) = t((kxa)2 + (kya)Z) which leads to
a constant density of states n, =1/4mt. Another work
[52] shows that the density of states N(&) derived from
a tight-binding model on a two dimensional square
lattice contain a logarithmic term plus a constant one.
This DOS is given by: n(€)=n,In(D/€)+ n,, where
n,=1/2x’t, D=4t and n,=(1/27°t)In4. If we
take into account the second neighbor interaction t’, the
singularity is displaced towards lower energy and it

occurs for € = - 4t'. In this work, the authors have
shown that the additional constant term in n(€)

enhances the isotope coefficient ¢. We can write the
general density of states as

n(s) =n (6)

lln—|£—8F(l— 7/)| +n,

where n,=1/2D and D=n’h’/4m"a’. For y=0,
the Fermi level coincides with the singularity. When the

parameter ¥ increases from 0O to 0.6, the singularity is
shifted to lower energy (Figure 3). With this form of the
density of states (Y = 0), we have established
analytical expressions of the superconducting gap ratio
R [53], the critical temperature T, and the isotope
coefficient o [54, 55].

n(e)

Figure 3: Variation of the density of states N(€&) with the
energy €& for different values of the parameter ¥
(Y =(& —Eyys)/€p) i, Y= 0, 006, 0.12, 0.18, 0.24,
0.30, 0.36, 0.42, 0.48, 0.54, 0.60, with D=€F=1 ev,
n, = 0.5 states/eV and n, = 0.3 states/eV.

For a half-filling system, the Fermi level is just on
the singularity €, = &,,,,. We know for half filling, the
high-T, superconductors are antiferromagnetic insula-
tors. The Fermi level is at the VHS for a doping level
corresponding to 20 % of holes in each CuO, plane or
40 % filling of the Brillouin zone (BZ) [56]. This can be
achieved by taking into account the interaction between
the second nearest neighbors and the effect of the
orthorhombic distortion [57]. The introduction of this
orthorhombic distortion increases the value of the
superconducting gap ratio R, and with decreasing the
second neighbor hopping, R decreases [58]. The varia-
tion of R suggests that the Fermi level is shifted from
the singularity. We shall mention that this model for the
density of states of a two-dimensional system is unsta-
ble at half-filling in view of nesting effect [59]. We
believe that instability is due to the magnetic excitations
or thermodynamic fluctuations. When the Fermi level
€. coincides with the singularity, a band Jahn-Teller
effect is expected, which leads to a structural phase
transition from the tetragonal phase to an orthorhombic
one [60]. The uniqgue van Hove singularity of the
tetragonal phase is splitted into two singularities with
the Fermi level lying between them, in a region where
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the density of states is low. The low temperature
tetragonal (LTT) phase behaves like a static JT phase,
in which the tilting of the CuOg splits the VHS degene-
racy [4, 61, 62] and simultaneously destroys supercon-
ductivity [63]. In a static low temperature orthorhombic
(LTO) distortion, the octahedra tilt in such a way as to
preserve the VHS degeneracy [4, 63]. It has been
shown that low temperature tetragonal (LTT) and high
temperature tetragonal (HTT) phases can be interpre-
ted as dynamic Jahn-Teller (JT) phases [4, 63, 64].

The Jahn-Teller (JT) effect was initially developed
for molecules and applied to isolated impurities in
solids. This effect has been already considered as
responsible for the high critical temperature in high-T,
superconductors [65-71]. Theories and models have
been proposed, in dynamic or static JT form, to explain
the fundamental properties of the cuprates [72-75].

The VHS-JT model predicts a competition between
structural instability and superconductivity. The role of
the singularity in the mechanism of high-T,
superconductivity and the stability of the system are not
yet established but we want to stress that this model
has already explained a certain number of experimen-
tal facts, i.e high-T, [60, 76-78], small isotope effect
[78, 79], thermal conductivity [50], linear resistivity and
thermopower [49]. We focus on the role of the van
Hove singularity that will be present in stable situations.
At optimum doping the VHS is close to the Fermi level
€ in all the cuprate superconductors. The separation
€, — Eyys = Y€ Which is identified to the pseudogag

Apg, is suppressed to zero at optimum doping X,p
(y=0). This pseudogap A, =&, — &y =Y,
increases with underdoping, while the superconducting
gap Asg decreases. For lanthanum compound La,

«SrCuOy,, Apg

is about 220 meV for x = 0, while the
pseudogap transition temperature T~ is estimated at
1050 K and R=2A4, /k,T"=49. For yttrium
compound YBa,CuzOg:x, Asg is about 19 meV, T =

120 K and the ratio R=2A, /k,T"=3.7 [4]. For
bismuth compound Bi-2212, the magnitude of the
pseudogap is =10—20 meV in low doping regime
(X <0.17). It decreases with doping and disappears at
optimum doping X, [80].

The SG and the pseudogap PG are anisotropic.
They have maximum values along [100] and [010]
directions and have minimum values along [110]
direction. Many studies have shown that A, has d-

wave symmetry and Apg has a similar anisotropy

where A, (k) can be expressed as

A, (k)=A,cos(20) and A, (K)=A4, lcos(20)| [81-
84]. It believed that the order parameter in cuprate
superconductors has purely d-wave symmetry [85, 86],
but there are a wide variety of experimental data that
support s or even more complicated types of
symmetries (d+s, d+is, etc.) [87]. A more reasonable
explanation is that the gap has a substantial anisotro-

py, while still retaining the full point-group symmetry of
the crystal, and it also remains nodeless [88].

4. SUPERCONDUCTING PROPERTIES
4.1. Average of the Fermi Velocity

In the conventional superconductors, the Fermi
velocity is constant, but for the cuprate supercon-
ductors, the Fermi velocity varies from zero to its

maximum v =~277/2m"a. The maximum of the
Fermi velocity v decreases with the effective mass

X

m’". From this expression, v is in the range (1.072

~3.218)10' cm.s™ when m" is between 2m,, and 6m,

(m is the free electron mass). The small value of v,
leads to small value of the coherence length. For lan-
thanum compound La,4SrCuOy, 50 is estimated
between 20 A and 35 A. With experimental values of
the superconducting gap ratio R and the superconduc-
ting transition temperature 7., and BCS formula of the

coherence length 50 , We obtain the Fermi velocity v,

in the range (1 — 1.859)107 cm.s™. It is interesting to
calculate the coherence length with the average of the
Fermi velocity < v, >. This average of v, is given by

hf v n(k)dk

[ n(k)dk "

h<v,>=

where n(k) is the density of states and v, is the
Fermi velocity given by

L _Lde ©
" hdk,
Introducing Eq. (8) in Eqg. (7), we obtain
+A
, [ defak
a 4
h< | A vy e— 9)
4
Jn(e)da
-A

Finally, we obtain
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(10)

The average of the Fermi velocity <v, > depends
on the ratios n,/n, and A(0)/D. When D=16t,

n,=1/27’t and n, =0, we obtain the Bok-Force for-
mula [89]. With Eq. (10), we obtain small values of the
Fermi velocity. Our calculation shows that the average
value of V. is in the range (2 - 8)106 cm.s™. These
values are smaller than those obtained from the maxi-
mum of the Fermi velocity. In conventional metal, the
Fermi velocity is in the range (1 - 2)108 cm.s™. The
small value of the average of the Fermi velocity leads
to small values of the coherence length 50, although

the higher 7. also contributes to the decrease in &, .

4.2. Properties of the Coherence Length

In the BCS theory, the coherence length is given by
[90]

h<v,>
=—"— 11
Go="1 A0) (12)
Introducing Eg. (10) in Eq. (11), we obtain
£ = 242 aD 1 12)
o A0, n, D |
I+ —+In——
n, AQ)

This formula shows that the coherence length
depends on the ratios n,/n, and A(0)/D= A(0)/g,.
The coherence length decreases when the ratio
A(0)/D increases: for example when this ratio
increases from 0.005 to 0.03, the ratio &, /a decreases
from 9.16 to 2.12 for n,/n, =0 (Figure 4). In this case
if we chose a = 4 A the coherence length 50 decreases
from 36.64 A to 8.24 A. This ratio estimates what
fraction of the carriers which are directly involved in the
pairing. A large gap energy and small value of the
width of singularity (D =g,) contribute to the large
value of the ratio A(0)/D. Our calculation shows that
this ratio is large in cuprate superconductors

(A0)/g, =107 =107"). In conventional supercon-

ductors, this ratio is very small (A(0)/€, ~107™"). The
large value of this parameter means that significant
fraction of the carriers are paired. This corresponds to
a short average distance between paired carriers which
further implies a short coherence length.
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T
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Figure 4: Variation of the coherence length with the ratio
A(0)/D for different values of the ratio n,, /n,.

The possibility of having a large value of A(0)/€,
and short coherence length is related to the quasi-2D
structure of the high-T, superconductors [91]. The large
value of this parameter describes other properties such
a scale of the critical region near T.. In addition, we

mention that the parameter (A(O)/SF)2 describes the

shift in the dielectric function due to superconducting
transition. This shift is negligibly small in conventional
superconductors, but it is noticeable in high-T, oxide
superconductors [91].

The expression of the gap energy is given by [79]

1
2 T
A(0) = 2Dexp] "0 —| 24 Moy P (13)
P n, ho, P

no | nV,

where p = 1.64. From this expression, we have

&zexp no_[ 2 +[no+lnDj —P:|2 (14)

2D n.|nV, \n ha,
and
1
212
A0 2 D
lnﬁ=—ln2—ﬁ+ S L : (15)
D no | nV, \n ho,

Introducing Egs. (14) and (15) in Eqg. (12), we obtain
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where g = 0.3068. This expression depends on the
phonon interaction Vp, on the width of singularity D, on
the vibrational energy 7@, and on the ratio n,/n,.
Numerical calculation shows that &, decreases when

the effective mass of carriers m” increases. The
coherence length decreases with the coupling constant

),p = n,Vp. Figure (5) shows that when the coupling
constant /lp increases from 0.06 to 0.173, the

coherence length decreases from 44.48 A to 8 A for
n,=0 and from 24.8 A to 515 A for n,=n,
(D=0.645 eV, hiw,=0.045 eV). In weak coupling
limit (/lp: 0.06 — 0.173), we obtain small values of
coherence length 50. These values are in a good
agreement with experimental results.

12
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Figure 5: Variation of the coherence length 50 with the
coupling constant /lp for different values of the ratio no/n1

(D=0.645ev, hw, =0.045 ev).
4.3. Properties of the Isotope Effect

One of the most interesting properties of the cuprate
superconductors is the variation of the isotope
coefficient with the hole concentration x. When the
concentration increases, the superconducting transition
T (x) increases and reaches its maximum at optimum

doping Xep, While the isotope coefficient & decreases
and reaches its minimum at Xqp. In low doping regime,
the isotope coefficient is large, but it is almost
negligible in high doping regime. The isotope
coefficient & which is maximum at the border to the
antiferromagnetic states, decreases with doping and
takes small values at optimum doping. The fact that the
isotope effect is not negligible reveals the role played
phonons. The small value of ¢ at high doping regime
leads to suggestion that the attractive interaction
between holes or electrons might be related to another
mechanism with a possible phononic contribution.

It is well established that magnetic correlations play
a crucial role in the superconducting state [92, 93].
Experimental results show that there is coexistence
between the superconducting state and two-
dimensional AF of the CuO, planes with a short
magnetic correlation length which decreases with Xx.
For lanthanum La,,Sr,CuO, and 2212 bismuth
compound, it has been shown that the superconducting
transition temperature 7, (x) and the Neel temperature

T, (x) disappear together when it becomes metallic for

higher x values. This suggests that the attractive
interaction between holes or electrons is related to the
magnetic excitations. It has been shown that high-
temperature superconductivity in cuprates can be
understood in terms of an interacting hole-spin model
with super-exchange and Kondo-type exchange
interactions [31]. In this model, at high temperature
holes form Cooper pairs via singlet-triplet excitation in
localized 3d spin system.

We consider this interaction — Vp, (Vy, >0) constant
from —W/2 to +W/2 where W is the bandwidth (W =
2D). This interaction has the form [31]

K* K’ 1 h
Vm =—=—¢exp| — (17)
J 2d* 2Mw,

where d is a characteristic length for the overlap of
wave functions, M is the mass of an oxygen or copper
ion and %@, is the Cu— O vibrational energy. In the
weak coupling approach, the superconducting transi-
tion temperature 7 is determined by the gap equation

1 n(e) £
—=["Ztanh . (18)
‘/m 0 € 2k371

From Eq. (6) and Eg. (18), we obtain the following
expression of T

2 . )
k,T =1.13Dexp ”0_[ +(”o] _p} . (19)

n nV, n

If we neglect the singularity (n, — 0) and we take
D=J, we obtain the Kuruhara formula. The
superconducting transition temperature 7 increases

with the coupling constant lm =n,V, (Figure 6): for
example T, increases from 15.15 K to 90.82 when 4,

varies from 0.03 to 0.050 (D=0.645 eV and
n,/n,=2). T increases with the ratio n,/n,: for

example, when the ratio n,/n, varies from 1 to 2, T,
increases from 19.36 K to 44 K for A, = 0.04 and from
4221 K10 90.82 K for A, = 0.05.
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Figure 6: Variation of the superconducting transition
temperature 7, with the coupling constant A, =n,V, for

different values of the ratio 1, /n, (D= 0.645 eV).

To study the isotope effect, we consider the
variation of the superconducting transition temperature
1. when varying m,. We know that @, varies like

M™"* where M is the nuclear mass. The isotope

coefficient defined by the expression 7 o M™""* can

be calculated from the following expression

__dInT, _19dInT,
~ 0lnM 20,

(20)

To determine the coefficient ¢, we differentiate Eq.
(19) with respect to @,. We finally obtain the following
expression of the total isotope effect.

! ! A
4"1‘/m 2 % 2d2 wo M() M('u
2{%) .
p
anm nl

We can write this expression as the simple form

1 (ﬂo + ﬁCu)
42 .

m 2 2
2 (M)
/lm n] p

B, =nl2d’w,M,  and

=0, + 0, =

(21)

a= aO + aCu = (22)

where A, =nV,,
B, = h/ZdZwOMCu. We can also write this expression

as

1 +
o= 050 +acu — 42‘ (ﬁo ﬁCu) - (23)
nn, 113D
L
7 k,T.

For d=0.5 A, when 7@, is between 0.020 eV and
0.085 eV, the parameter f3, is between 2.616 x 107
and 0.6155 x 107 and the parameter 3, = 3, + 3, is
between 3.27 x 107 and 0.77 x 102,

Equation (22) shows that the total isotope
coefficient & decreases with the coupling constant A, .

When the coupling constant A, increases, the
superconducting temperature transition 7, increases,
while the total isotope coefficient decreases. When A,
varies from 0.03 to 0.05, the oxygen isotope coefficient
o, decreases from 0.0269 to 0.021 for
B,=2.616x10" and from 0.015 to 0.012 for

B, =1.500%x107. The parameter n,/n, has not a
large effect on ¢, . Our calculation shows that when T,
increases (r, decreases. These values are in a good

agreement with experimental values of isotope
coefficient in yttrium and bismuth compounds. For
lanthanum compound La,,SryCuQO,4, we obtain small
values of ¢, compared to experimental values (0.06 -

0.15). In a previous work, we have established an
expression of the isotope coefficient depending
simultaneously on phonons and magnetic interactions
[54]. In this work, we have shown that when 7
increases, the isotope coefficient ¢, decreases from

its maximum = 0.38 - 0.40 to its minimum 0-0.05.

For the electron-doped superconductors (Nd,.
xCexCuO,), the oxygen isotope coefficient is very small

(o, <0.05 with 7™ =24 K). These compounds are
very well described by this model.

Figure (6) shows that when the coupling constant
/lm increases from 0.02 to 0.05, the superconducting
transition temperature 7. increases from 2.5 K to 90.89
K (D=0.645 eV, n,/n, = 2). We remark that even
weak interaction can produce a large effect on T : for
example when A, varies from 0.048 to 0.056 (AA,,=
0.008), T. varies from 80.14 K to 114.47 K (AT .=
34.33 K). In this case, the isotope coefficient
=0, + o, decreases from 0.13 to 0.025 for
B, =3.270x107* (hiw, =0.020 eV), and from 0.030

to 0.006 for B, =0.770x107 (hw,=0.085 eV),

(Figure 7). We expect that vibrations of copper and
oxygen ions could be important in giving high-T..
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Figure 7: Variation of the isotope coefficient & = O, +
with the coupling constant ﬂ,m = anm for different values of

the parameter 3, = B, + B, (n,/n, =2).

Other numerical calculation shows that when the
magnetic coupling constant varies from 0.04 to 0.08,
T. increases from 19.35 K to 154.87 K, while the
coefficient o decreases from 0.0446 to 0.0224
(D=0.625 eV and n,/n, =1). The yttrium compound
YBa,Cu30¢.x and bismuth compounds Bi-2212 and Bi-
2223 are very well described by Eq. (22). For thallium
and mercury compounds which the isotope effect is
unknown, we believe that this effect exists, but we
cannot detect it experimentally. For lanthanum
compound La,,Sr,CuOy, the total isotope coefficient o
obtained from Eq. (22) is very smaller than the
experimental values (0.06 — 0.15). We conclude that
both phonon and magnetic interaction contribute to the
isotope effect in La,SrCuQy,.

At low temperature the attractive interaction is due
essentially to the phonons Vp and the isotope

coefficient o, is in the range 0.38 — 0.40. When the

temperature increases, the interaction due to the pho-
nons Vp decreases while the interaction due to the

magnetic excitations V| increases [54]. At high tempe-
rature the interaction is due essentially to the magnetic
excitations and the isotope coefficient «,, is in the
range 0.006 — 0.05. When the temperature increases,
this coefficient decreases from its maximum value
(0.38 - 0.40) to its minimum value (0.006 — 0.05).
These results of calculation are in qualitative agree-
ment with experimental data.

In the van Hove scenario, both in weak and strong
coupling cases [94], the values of the isotope
coefficient (o =0.15—0.25) are greater than experi-
mental results (¢ = 0.02 —0.06).

In Jahn-Teller model [68], one obtains both positive
and negative value of the isotope coefficient . The
values of o are in a good agreement with experimental
data of the lanthanum and yttrium compounds. This
model explains some negative values observed in
yttrium and bismuth compounds [21].

In the van Hove scenario with a weak coupling
model of charge density waves (CDWSs) [95], the
isotope coefficient can become very small in
comparison with 0.5 > ¢, >0.39 for Balseiro-
Falicov model [96] but these values are still larger than
the experimental data. On the other hand, Yndurain
has studied the variation of the isotope coefficient with
hole concentration X, considering spin density waves
(SDWSs) in two-dimensional systems [97]. In this model,
it has found that the isotope cofficient o varies abruptly
near the hole concentration where the superconducting
transition temperature is maximum. This coefficient
decreases with x and reach its minimum =0.06—0.09
at optimum doping Xop corresponding to a maximum in

T... This behavior of « is related to the coexistence of
SDW and superconductivity [97]. For yttrium compound
YBa,Cu30s.y, it has shown that the isotope coefficient
0. decreases with the superconducting transition tem-
perature T.. In this model, the results of the calculation
are in qualitative agreement with experimental data.

4.4. Properties of the Superconducting Gap Ratio R
= 2A(0)/kgT,

The high-T, superconductors are characterized by a
large value of the superconducting gap ratio
R=2A(0)/k,T.. This ratio has an ordinary magnitude
3.53 in conventional superconductors, but it is much
larger, being 5 - 13 for the new superconductors. The
large superconducting gap ratio is expected to be
associated with strong anisotropy [88]. The large value
of this parameter is still not understood. Various
approaches based on electronic as well as phonon-
based interaction, sometimes for isotropic s-wave and
other times for d-wave pairing, have been proposed to
explain the large value of R [95, 98-105] but the
maximum values of this parameter are still much lower
than the experimental results.

In Jahn-Teller model, one obtains large value of the
superconducting gap ratio R: 3.53< R< 7 [68]. These
values are greater than the classical BCS value 3.53,
but are still smaller than experimental results
(= 7—13) of the hole-doped cuprates.

In two-dimensional charge density waves (CDWSs),

the superconducting gap ratio R varies very little from
the BCS value 3.53. The maximum value of this ratio is
Repy =2A00)/kyT, oy, = 3.74 [95]. Large values of
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R (R=2A(0)/k,T. =5—8) can be obtained in CDW
model [106]. These theoretical values are still smaller
than experimental results (= 7 —13).

In the van Hove scenario, with competition between
conventional BCS superconductivity and spin density
waves (SDWs) [97], the gap energy is obtained by
using Eq. (6) with n, =0 and the superconducting gap
ratio is in the range =3.53—3.68 in s-wave and
=4 — 5 in d-wave symmetry.

At low temperature the attractive interaction is due
essentially to the phonons and the superconducting

gap R varies very litte from the BCS value
(R=3.53—3.68) in s-wave and from 4 to 5 in d-wave
symmetry. This is a very small variation between R,

and R (R, — R, =1-147). Both in s-wave and d-

wave symmetry, the theoretical values of Rare still
smaller than experimental values.

At high temperature, the attractive interaction is
related to the magnetic excitations [54]. Equations (13)
and (19) lead to the following expression of the
superconducting gap ratio R

(24)

The parameter R has the ordinary BCS value
= 3.53 when

A,= A - . (25)
p 1 D
-2 M-+ - | —0.16
no k0, 2\ k0,

To have this ratio greater than the BCS value, the
coupling constant /lp must be greater than the
coupling constant related to the magnetic excitations
Z,m. Figure (8) shows that When the coupling constant
/lp increases from 0.079 to 0.120, the superconducting
gap ratio R increases from the 5.99 to 13.18 for
A, =0.048 corresponding to T, = 88.14 K, and
increases from 353 to 9 for A,=0.054
corresponding to T, = 114.47 K (D = 0.645 eV, n,/n, =
2 and 7w, =0.045 eV). We remark that even weak

interaction can produce a large effect on the
superconducting gap ratio R: for example, when Z,m

varies from 0.048 to 0.054 (AA,= 0.006), R varies
from 13.18 to 9 (AR = 4.18).

14

-
N
T

%, =0048
......... % =0050
e -k =0052 ’
)., =0054

-
o
 m—

o]
—

B ¢

2A0)/k. T

0,02 0,04 0,06 0,08 0,10 0,12

p
Figure 8: Variation of the superconducting gap ratio R with
the coupling constant ﬂ,p = n,Vp for different values of the

coupling constant due the magnetic excitations Z,m, with

D=0.645ev, hw, =0.065 evand n,/n, =1.

Figure (9) shows the variation of the
superconducting gap ratio R with the coupling constant
A,.When A varies from 0.0725 to 0.120, R increases
from the BCS value 3.53 to 9 for i, = 0.045 eV, and
from 5 to 13.69 for i, =0.085 eV (D =0.645 eV
and A, =0.05).

14
N k,0, = 0.045 eV
_________ k,0,=0.065 eV
10 — k;0,=0085eV

8k

6+

2A0)/k, T

002 0,04 0,06 0,08 0,10 0,12

P
Figure 9: Variation of the superconducting gap ratio with the
coupling constant ﬂ,p = n,Vp for different values of the

vibrational energy 7w, with D=0.645 ev, n,/n, =1
and 4, =0.05.

At low temperature, our calculation shows that the
superconducting gap ratio R is equal to the BCS value
3.53. This parameter is exactly evaluated numerically
and it was found that it deviates very little from the BCS
value 3.53. When the Fermi level lies close to the van
Hove singularity, the value of R is in the range 3.53 —
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3.68 in s-wave, but in d-wave symmetry, the value of R
is still significantly enhanced from the BCS value 3.53.
The maximum value of R is = 5 when @,/7,—0 and
the minimum value is predicted to be 4.3 in the limit
@, /T, = oo [105]. The maximum value of R in d-

wave symmetry is still much lower than experimental
values.

In order to have high-T, (38 —135 K), experimental
values of the gap energy and large values of the
superconducting gap ratio, the coupling constant due to
the magnetic excitations A, must be smaller than that
corresponding to the phonons /lp.

Numerical calculations show that when 4, is in the
range 0.020-0.06 and /lp is in the range 0.03-0.12, the

superconducting gap ratio R varies from the BCS
value 3.53 to 13. These values are in qualitative
agreement with experimental results.

5. CONCLUSION AND DISCUSSION

The high-T, cuprate superconductors are
antiferromagnetic insulators at x=0. Upon hole
doping, the AF order rapidly disappears and the system
becomes a superconductor. In these compounds the
magnetic correlations persist and are still present at
optimum  doping  X,. The  occurrence  of
superconductivity is obtained only after the complete
destruction of the three-dimensional AF order. The
magnetic correlation length fm(x) decreases with

doping and is about equal to the average spacing
between the doped holes. The magnetic correlation
length & (x) which is about 1 nm persists in high-Te.
In another words there is coexistence between
superconductivity and two-dimensional AF. The

superconducting transition temperature TC(X) and the

Neel temperature 7, (x)disappear together for higher

X values. This fact tends to show that this 2D AF favors
superconductivity because the corresponding magnetic
excitations can give an attractive interaction between
two electrons or holes.

The origin of superconductivity is now found to be in
CuO, planes which are weakly coupled together to the
c direction, so that their electronic properties are almost
two dimensional. The quasi-2D structure of cuprate
superconductors leads naturally to van Hove
singularities in the density of states. We expect that
these singularities lead to the magnetic excitations. The
pseudogap which is identified to the separation

€, — €5 = YEr appears at T". When the temperature
T decreases, the PG increases and reaches its
maximum at 7>7,. From its maximum, Apg(T)

decreases when T decreases, and it is suppressed at

T<T. The total gap A(T)=+A,(T)+A&,(T) is

124
nearly constant and consistent with experimental
results. At low temperature, the total gap becomes a
pure SC gap, but at high temperature it is a pure
pseudogap (7.<T<T"), and at intermediate
temperatures the gap has two contributions, one form
the superconducting gap and the other form the
pseudogap. This pseudogap Apg =& — €y = Ve
decreases with doping x and it is suppressed to zero at
optimum  doping Xop (y=0) whie the
superconducting gap Asg increases and reaches its

maximum at xop.

In the weak coupling constant (lp =0.03-0.12),

we obtain simultaneously large value of the gap energy
A0)=A,,(0) and small values of the coherence

length &,. The values obtained in this model are in a
good agreement with experimental results.

In the Jahn-Teller (JT) limit, the structural distortion
splits the degeneracy of two singularities, driving one
below and the other above the Fermi level. The strong
electron-phonon coupling can be described as a form
of band Jahn-Teller effect (JT), with the two symmetry-
related van Hove singularities playing the role of
degenerate electronic sates. This effect can lead to a
phase of short range order (dynamic JT phase), which
can lead to the appearance of the pseudopag [63].

In the VHS-JT model, we can obtain simultaneously
high 7., small isotope coefficient and large
superconducting gap ratio R. In this model, transport
properties, namely resistivity and thermopower are
found to be strongly dependent on the variations of the
pseudogap [2]. It is interesting to develop the JT model
in the van Hove scenario and compare with our results.

In two-dimensional spin density waves (SDWSs)
model, the separation between the two peaks of the
density of states decreases with doping X and is
proportional to SDW order parameter A, [97]. This
order parameter is large at the superconducting critical
temperature. In this model the superconducting gap
ratio R varies very little from the BCS value, while the
isotope coefficient reaches its minimum, corresponding
to a maximumiin 7.

Conventional superconductivity and charge density
waves (CDWs) are produced by strong electron-
phonon interaction Vp. On the other hand, spin density
waves (SDWs) are originated by a strong electron-
electron repulsion V. which tends to destroy

superconductivity. The large value of Vp favors
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superconductivity and destroys SDW. For small values
of both Vp and V. both possible broken symmetries

destroy each other giving rise to a paramagnetic
phase. However, for large values of both Vp and V.

both superconductivity and SDW coexist in a large
portion of the phase space [97].

The competition between superconductivity and
spin density waves (SDWs) has been discussed by
Yndurain F in Ref. [97], while the competition between
superconductivity and charge density waves (CDWSs)
has been analyzed by Balseiro CA and Falicov LM in
Ref. [96].

Experimental results show that there is coexistence
between charge or spin density waves (CDWs or
SDWs) and superconductivity in La,«SryCuO, and
YBa,Cu30¢.x [L07-109]. The CDW is strongest with the
longest in-plane correlation length near 1/8 doping. On
entering the superconducting state the CDW is
suppressed [107]. In low doping situation the long
range antiferromagnetic order is destroyed to give rise
to SDW state accompanied by a CDW state in the
system due to doping. For suitable doping the
superconductivity appears in the system [110]. The
significance of the various forms of CDW and SDW is
still not understood. Their detection, characterization
and relationship with superconductivity remain open
problems.

Theories and models of SDW and CDW have been
proposed to explain the fundamental properties of high-
T'. cuprate superconductors [95-97, 106, 110]. In these

works, it has been shown that the pseudopgap Apg

can be described by CDW state. These experimental
and theoretical works forge a path for studying the
relationship between superconductivity and CDW or
SDW in various superconductors and other materials.

In low temperature the isotope coefficient is large
but at high temperature this coefficient is very small.
This suggests that the attractive interaction is due to
the phonons at low temperature, but at high
temperature it is related to the magnetic excitations.
When the superconducting transition temperature 7,
increases the isotope coefficient ¢ decreases from its
maximum value «, =0.38—0.40 to its minimum

value ¢, = 0.006 -0.05.

Numerical calculations show that when A, is in the
range 0.020-0.06 and /lp is in the range 0.03-0.12, the

superconducting gap ratio R varies from the BCS
value to 13.

To summarize, we have developed the Kurihara
model and obtained analytical expressions for the
isotope coefficient o and the superconducting gap
ratio R which have been derived with the van Hove
singularity in the weak coupling case. With these
expressions, we  obtain  simultaneously the
experimental values of these two parameters. From
this study, we conclude that the van Hove singularity
and the interaction due to the magnetic excitations
could play a fundamental role in the mechanism of
superconductivity in high- 7. cuprate superconductors.

The competition between phonons and magnetic
excitations, in the van Hove scenario, can provide a
basis for understanding the high T, large
superconducting gap ratio R, short coherence length
50 and small isotope coefficient ¢, and possibly the
origin of high-temperature superconductivity.

Such an approach may reconcile VHS-JT model
and all observations leading sometimes to spin density
waves (SDWSs) and other times to charge density
waves (CDWs).
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