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Abstract: In this review, we study the normal and superconducting properties of the high- Tc  cuprate superconductors. 
We provide an overview of general concepts relevant to these compounds. We review the experimental results of the 
pseudogap, the electrical resistivity and the Hall constant which are considered as relevant to cuprates in understanding 
their normal state. The competition between SDW, CDW and superconductivity is also discussed in this work. The van 
Hove singularity (VHS) appears to play a crucial role in these new superconductors, particularly since experimental 
studies have found that the Fermi level ! F lies close to the VHS in most of high- Tc cuprates. After a description of the 
van Hove singularity model, we evaluate and analyze the major parameters of these compounds. General expressions 
of the superconducting gap ratio R and the isotope coefficient !  are obtained in the van Hove scenario and discussed 
in more detail. Our theoretical results are in qualitative agreement with experimental results. 
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1. INTRODUCTION 

Since the discovery of superconductivity in 
lanthanum compound by Bednorz and Muller [1], there 
is an intense research both experimentally and 
theoretically to understand the origin of 
superconductivity in this compound. In the seven years 
following this discovery, a series of copper oxides are 
discovered and the critical temperature has reached 
values of order of 135 K. During this period various 
models and theories have been proposed to explain 
the mechanism of superconductivity in these 
compounds [2-10]. 

These high- cT  oxide superconductors are divided 
into two principal groups: 

• the hole-doped cuprates: such lanthanum 
compound La2-xSrxCuO4 (LSCO) with 
Tc
max = 39 K for x = 0.15 ; the yttrium compound 

YBa2Cu3O6+x (YBCO) with Tc
max = 92 K for x = 1  ; 

the bismuth compounds BimSr2Can-1CunO2n+m+2+x 
m2(n !1)n,n = 2, 3( ) : the compound Bi-2212 i.e 

Bi2Sr2CaCu2O8 with Tc
max = 86  K and Bi-2223 i.e 

Bi2Sr2Ca2Cu3O10 with Tc
max = 110 K; the thallium 

compounds TlmBa2Can-

1CunO2n+m+2 m2(n !1)n,n = 2, 3( ) : the compound  
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Th-2212 with Tc
max = 100 K and Th-2223 with 

T c
max= 125 K; the mercury compounds 

HgBa2Can-1CunO2n+x+2 (Hg !12(n !1)n,n = 1, 2, 3) . 
Samples of optimally doped Hg-1201, Hg-1212, 
and Hg-1223 have critical temperature 
T c

max= 96  K, 123  K and 135  K respectively, 

• the electron-doped cuprates: such neodymium 
compound Nd2-xCexCuO4 (NCCO) with 

22max =cT  K for 15.0=x ; Pr2-xCuO4 (PCCO) with 

Tc
max = 19 K for 15.0=x ; Pr1-xLaCexCuO4 

(PLCCO) with 2624max !=cT  K for 
12.011.0 !=x . 

These compounds are doped materials, with Tc (x)  
strongly depending on carrier concentration x . In low 
doping regime, the high- Tc  oxides are 
antiferromagnetic insulators. Upon concentration 
doping, the antiferromagnetic order rapidly disappears 
and the system becomes a superconductor [11-16]. In 
these compounds the magnetic correlations persist and 
are still present at optimal doping xop [11, 13, 14]. 

The superconducting transition temperature Tc (x)  
increases with doping and reaches its maximum at 
optimal doping xop . From the optimal doping, Tc (x)  
decreases with x  and it is suppressed at higher x  
values. The superconducting transition temperature 
Tc (x) can be expressed as: 

Tc (x) /Tc
max = 1! (xop ! x) / xl( )2  where xop  is the 
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optimal doping and xl  is the width of the parabola [17, 
18]. For lanthanum compound xop = 0.16 , xl = 0.11  
and the over-doping limit is xo = 0.27 , while for bismuth 
compound Bi2212, xop = 0.20 , xl = 0.15  and the over-
doping limit is xo = 0.35 . Both in these two compounds 
the onset of superconductivity occurs at xu = 0.05 . 

 

Figure 1: Atomic structure of lanthanum La2CuO4. The 
compound La2-xSrxCuO4 is doped by substitution of Sr on La 
sites. 

These compounds differ from the conventional 
superconductors in various ways. They have CuO2 
planes playing a fundamental role both in the normal 
and superconducting states. In absence of doping 
these planes have strong antiferromagnetic correlation 
and the insulating antiferromagnetic state is converted 
into a metallic paramagnetic one with doping. 

The atomic structure of these compounds has a 
very particular situation related the CuO2 planes. For 
La2-xSrxCuO4 there is one CuO2 plane per unit cell, 
while for the yttrium compound YBa2Cu3O6+x and Bi-
2212 compound, there are two planes par unit cell. For 
Bi-2223 compound there are three planes per unit cell. 
Between these planes, inside the unit cell, there are 
other planes. The atomic structure of La2CuO4 is 
illustrated in Figure 1. The CuO2 planes are separated 
by square planar LaO sheets that include the apical O 
atoms of the octahedra.  

The electron-doped superconductors have similar 
structures with displacements of the apical O atoms to 
other positions [19].  

For the yttrium compound, there are two CuO2 
planes per unit cell. The yttrium plane is between the 
two CuO2 planes with also BaO planes above and the 
CuO chains. The atomic structure of YBa2Cu3O6+x, 
( 0 ! x ! 1 ) is shown in Figure 2.  

 
Figure 2: Atomic structure of yttrium compound YBa2Cu3O7. 

For the Bi, Tl and Hg cuprates, the different 
structures are often distinguished by a four-number 
label:m , 2 , n !1  and n , i.e m2(n !1)n,n = 2, 3( ) . The 
first number is the number of insulating layers between 
conducting planes, m ; the second, always two, is the 
number of capping layers on a conducting planes, the 
forth is number of CuO2 planes in a block, n ; the third 
is the number of separating layers between CuO2 
planes in a block, n !1 . For example Bi-2223 i.e. 
BiSr2Ca2Cu3O10 have two layers BiO, two capping 
layers consisting of Sr and apical oxygens, two layers 
of Ca separating three CuO2 planes, the central one of 
which is without apical O atoms [19]. 

The superconducting transition temperature Tc  is 
found to increase when the number of the CuO2 planes 
per unit cell increases from n = 1 to 3 . For example, 
the superconducting transition temperature Tc is 86 K 
and 110 K, for Bi-2212 and Bi-2223 respectively, and 
Tc  is about 100 K and 125 K for Tl-2212, and Tl-2223 
respectively. Values of maximum Tc  are determined to 
be T

c

max = 97 K, 123 K and 135 K, respectively, for 

optimally doped Hg-1201, Hg-1212 and Hg-1223. 

This atomic structure of these compounds is very 
anisotropic, from which also follow electronic 
anisotropies: 

• the electrical resistivity is very small in the ab  
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plane (CuO2 plane) compared to the c  direction 
[20]. For example, the electrical resistivity ratio 
!c / !ab  is of order of 30 for yttrium compound Y-
123 [21, 22], and of order of 200 - 300 for 
lanthanum compound La2-xSrxCuO4 [22, 23]. This 
ratio can vary between 30 in optimally doped 
YBa2Cu3O6+x to over 106 in Bi2Sr2CuO6 [20-26]. 
The values of electrical resistivity for some 
cuprate superconductors are summarized in 
Table 1. 

Table 1: The in-Plane Resistivity )300( KTab =!  and 
)(/ cabc TT =!!  Values for some Cuprates at 

Optimal Doping [20] 

Compound )300( KTab =!  
(µΩm) 

)(/ cabc TT =!!
 

La1.83Sr0.17CuO4 420 300 

YBa2Cu3O6.95 290 30 

Bi2Sr1.61La0.39CuO6 500 >106 

Bi2Sr2CaCu2O8+δ 280 105 

Tl2Ba2CuO6 450 2000 

• the Hall constant RH  change the sign in c  or ab  
direction indicating the holes are in the ab  
planes while the electrons are in the c  direction. 

• the superconducting gap ratio R = 2!(0) / kBTc  is 
large in the ab  plane compared to the c  
direction. This anisotropy is confirmed by 
experimental results [28]. For yttrium compound 
Y-123, Rab = 5.9  and Rc = 3.6 , while for bismuth 
compounds Bi-2212 and Bi-2223, Rc = 10  and 
Rc = 6 . This ratio has the magnitude ! 3.53  for 
the conventional superconductors, but it is much 
larger being ! 5- 13 for the hole-doped 
superconductors [28-37]. For the electron-doped 
superconductors this ratio is in the range ! 3.53 
– 5 [37-43]. The experimental values of the 
superconducting gap ratio for hole-doped and 
electron-doped superconductors are 
summarized in Tables 2 and 3, respectively. The 
large value of this parameter remains an open 
question. 

• the coherence length !  is large in the ab  plane 
compared to c  direction, for example, for the 
yttrium compound, the coherence length is of 

Table 2: Experimental Values of the Gap Energy for Different Hole-Doped Superconductors at Optimal Doping 

Compound cT  (K) )0(!  (meV) R  References 

La2-xSrxCuO4 
33 
39 

12.5 ± 0.5 
17.5 ± 1.5 

8.9 ± 0.2 
10.3 ± 0.9 

27 
36 

YBa2Cu3O6+x 89 39.5 ± 1.5 10.6 29 

Bi2Sr2CaCu2O8+x 
86  
92 
91 

41± 4 
36 ± 2 
32 ± 3 

11 ± 1.0 
9.0 ± 0.5 
8.1 ± 0.8 

31 
31 
34 

Bi2Sr2Ca2Cu3O10+x 
110 
110 

48 ± 5 
43 ± 5 

10 ± 1.0 
9.1 ± 1.0 

28 
35 

Tl2Ba2CuO6+x 
92.5 
90 

43 ± 4 
37 

10.7 ± 1.0 
9.5 

29 
29 

HgBa2CuO6+x 
96 
97 

44 ± 4 
33 

10.6 ±1.0 
7.9 

29 
30 

HgBa2CaCu2O8+x 123 50 9.5 30 

HgBa2Ca2CuO8+x 
130 
135 

60  
75 

10.6  
13 

29 
30 

 
Table 3: Experimental Values of the Gap Energy for Different Electron-Doped Superconductors at Optimal Doping 

Compound cT (K) )0(!  (meV) R  References 

Nd2-xCexCuO4-δ 22 5.0 ±1.0 5.2 ± 1.1 38 

Pr2-xCexCuO4-δ 19 3.3 ± 0.3 4.0 ± 0.4 39 

Pr1-xLaCexCuO4-δ 
26 
25 
24 

2.5 ± 0.2 
3.6 ± 0.2 
7.2 ± 1.2 

2.2 ± 0.2 
3.5 ± 0.2 
6.9 ± 1.2 

40 
41 
42 
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order of 15 Å in ab  plane and is about 1-3 Å in 
c -direction. Short in-plane coherence length !ab  
have been obtained for cuprate superconduc- 
tors: 16 Ǻ for YBa2Cu3O6+x [44, 45, 46], 13.6 Ǻ 
for Tl-2223 [44, 47], 9.7 Ǻ for Bi-2223 and 9 ± 1 
Ǻ for Bi-2212 [44, 48]. 

• the penetration depth !  is small in the ab  plane 
compared to the c  direction and the 
ratio !c / !ab is of order of 3 -10 [14]. The 
anisotropy of the penetration depth implies 
anisotropy of the effective mass: mc

! / mab
! " 25 . 

(Note that the symbol !  is also used for the 
coupling constant in temperature and gap 
dependences). 

• the critical current jc  is large in ab  plane 
compared to the c -direction [16]. Higher values 
up to jc  =107 A cm-2 have been obtained for 
currents parallel to the ab  planes while much 
lower values of jc  occur along the c -direction. 

The small value of the electrical resistivity in the 
ab planes indicates clearly that the good conductivity 
occurs essentially in CuO2 planes while the other 
intermediate planes can be less metallic or even 
insulating. These CuO2 planes are responsible of 
antiferromagnetism and superconductivity in these 
compounds.  

These compounds are characterized by a small 
isotope coefficient ! : in general this coefficient is 
greater than zero but it is significantly smaller than the 
BCS value ! = 0.5 [49-56]. For instance the isotope 
coefficient ! " 0.06 # 0.09  in La1.85Sr0.15CuO4 with 
Tc
max ! 38 K; ! " 0.02 # 0.03  in YBa2Cu3O7 with 

Tc
max ! 92 K; !  ≈ 0.03 – 0.05 in Ba2Sr2CaCu2O8 with 

Tc
max ! 86  K; ! " 0.03  and even negative (! = - 0.013) 

in Ba2Sr2Ca2Cu3O10 with Tc
max ! 110  K [55]. The 

deviation of !  from the BCS value remains an open 
question. 

This review is organized as follows: Section 2 
describes the normal state transport properties of 
cuprate superconductors. Section 3 is devoted to the 
magnetic properties of these compounds. In section 4, 
we describe their two characteristic lengths: the 
penetration depth and the coherence length. Section 5 
describes their electronic structure. In this section the 
density of states, charges density waves (CDWs) and 
spin density waves (SDWs) are discussed. In section 6, 
we give a brief description of the electron-phonon 
interaction. In section 7, we discuss the Jahn-Teller 
effect and the van Hove singularity. In section 8, basic 

ideas and assumptions of our theoretical approach are 
presented. In this approach, we consider the attractive 
interaction is due to the phonons at low temperature, 
but at high temperature it is related to the magnetic 
excitations. The coherence length, the superconducting 
gap ratio and the isotope coefficient are evaluated in 
the van Hove scenario and discussed in more detail. 

2. NORMAL STATE TRANSPORT PROPERTIES 

For the hole-doped cuprates, one finds on average 
of resistivity around 200 µΩcm [57], although for an 
electron-doped Nd2-xCexCuO4 single crystal the 300 K 
resistivity was 600 µΩcm [58]. The in-plane resistivity 
!ab (T )  of hole-doped cuprates (p-type) HTC varies 
with doping [20, 59]. The optimally doped cuprates are 
characterized by a T -linear resistivity that survives at 
T > Tc . This T -linear resistivity is a universal feature at 
optimal doping. In the under-doped cuprates, !ab (T )  
varies approximately linearly with temperature at high 
temperature T , but as the temperature is lowered, the 
resistivity deviates downward from linearity. In the over-
doping regime, the resistivity contains a significant 
supralinear contribution. The electrical resistivity 
!ab (T )  can be modeled by a three–component 
polynomial fit: !ab (T ) = !0 + aT + bT 2 . The observation 
of T 2  resistivity in La1.7Sr0.3CuO4, coupled with 
Matthiessen’s rule scaling, implies that the role of the 
electron-phonon scattering remains negligible right out 
to the heavily OD side of the phase diagram [20]. 

The resistivity in the c  direction !c  varies with 
doping. In La2-xSrxCuO4, !c (T ) changes from metallic 
on the over-doping side to nonmetallic bellow x < 0.14 
and for x  = 0.17, !c (T )  is constant bellow 200 K. In 
YBa2CuO6+x, !c (T )  varies linearly with T  showing a 
metallic behavior down to Tc . In the low doping regime, 
!c (T ) shows insulating behavior at all T . In this 
compound, the onset of an insulating !c (T )  
corresponds well to the crossover temperature where 
!ab (T )  starts do deviate to linearity [60]. The ratio 
!c / !ab  can vary between 30 for YBa2Cu3O7 to over 
105 in Bi2Sr2CuO6.  

In low doping regime the high- Tc  superconductors 
are characterized by the presence of the pseudogap 
! pg (x)  in the normal state excitation spectrum [20]. 
This pseudogap decreases with doping. The resistivity 
!ab (T )  deviates from T -linear behavior in low doping 
regime, and its value decreases with doping in a 
manner similar to ! pg (x) . It appears that exist a 
correlation between resistivity and the pseudogap [20]. 
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This pseudogap is identified to the separation between 
the Fermi energy and the van Hove singularity 
!F " !VHS  [61]. The variation of the resistivity with 

temperature is related to this parameter [62] and it is 
found to be proportional to the temperature 
( !(T ) = ! 0+AT ) when !F " !VHS several kBTc [48, 62-

64]. The observed T 2  resistivity in the electron doped 
(NCCO) [65] is also consistent since !F " !VHS  is 
>> kBTc [63]. For high temperature T , the resistivity 
varies linearly with the temperature, but for low T , the 
variation is quadratic [65]. 

The reduction of the quasiparticule dispersion has 
been observed by angle-resolved photoemission and 
inverse photoemission over an energy range of 
!k " !VHS # 0.3  eV, beyond which the quasiparticle 

peaks become too broad to resolve [68, 69]. This 
energy range is far greater than the range of phonon 
energies for these compounds ( !! " 0.08 eV) [44]. 

The parameter !F " !VHS  seams related to a 
number of other parameters describing the properties 
of these news compounds.  

The Hall constant RH changes sign in the hole-
doped La2-xSrxCuO4 and the electron-doped Nd2-

xCexCuO4. The sign of the Hall constant of Nd2-

xCexCuO4 is negative in the low doping regime, but it 
becomes positive as the doping level is raised. There is 
a symmetrical change in sign of the Hall constant both 
in hole doped La2-xSrxCuO4 and electron doped Nd2-

xCexCuO4. 

These two compounds are symmetrical with regard 
to the change in the mechanism conduction with 
composition. In the initial stage of doping they exhibit 
the characteristics of a half-filled band insulator doped 
with holes and electrons respectively. 

The superconductivity is obtained near the 
crossover region of the sign. This coefficient varies 
markedly with doping x  in hole doped cuprate 
superconductors. Hybridization of the Cu-3 d x2 ! y2  and 

O-2 px,y !
"  leads to a large Fermi surface containing 

(1! x)  electron/Cu ion centered in around the X point 
in the Brillouin zone. In low doping regime, the Hall 
constant varies as: RH (x) ! 1 / x , but when the doping 
increases, the compound becomes metallic and the 
Hall constant deviates from the curve expected [20]. 

The highest Tc  composition is x = 0.15 in both of 
the systems, while the crossover composition of the 
Hall constant is higher in La2-xSrxCuO4 ( x =0.30) than 

in Nd2-xCexCuO4 ( x =0.16). When the concentration 
increases, the Hall constant decreases and deviates 
from the expected curve in high doping regime [13]. In 
over doped regime, in La2-xSrxCuO4, the magnitude of 
RH  change sign from positive to negative at x =0.30 
[13, 70]. This crossover is consistent with experimental 
results which support a fundamental change in the 
Fermi surface topology in this compound [71]. 

The Hall constant RH (T )  decreases with the 
temperature T . At optimal doping this coefficient 
varies as: RH (T ) ! 1 /T . It is believed that the large 
magnitude of the Hall constant RH  in low doping 
regime suggests a loss of carriers with decreasing 
temperature due to the opening to the pseudogap 
! pg [20].  

The van Hove singularity can be expected to play a 
fundamental role in any strong correlation theory of 
superconductivity including those in which the pairing 
arises from spin fluctuations. It has been shown that in 
quasi-two dimensional d-wave superconductors, van 
Hove singularities close to the Femi surface lead to 
magnetic quasiparticle excitations [72]. This suggests 
that the superconducting pairing is mediated by these 
magnetic excitations.  

One of the important issues in high-temperature 
superconductivity is the presence of the magnetic order 
in the superconducting state. This order parameter is 
still not understood. Various approaches have been 
proposed to study the pseudogap [73-75]. 

3. MAGNETIC PROPETRIES 

In the thermodynamic statistical description, the 
magnetic correlation length !m (x,T )  control the site 
order parameter M (r) . This correlation length !m (x,T )  
is the distance over which the magnetization changes 
significantly, causing a substantial decrease of local 
fluctuation of M (r) . 

For lanthanum compound the Cu moments within 
the CuO2 planes are antiferromagnetically ordered. 
Experimentally the Cu magnetic moment is equal to 
M = gSµB = 0.48 ±15µB ( µB  is the Bohr magneton) 
[76]. For yttrium compound, the value of 
M = gSµB ! 0.65µB  was observed at low temperature 
[14]. Experimental results show that the average of the 
Cu magnetic moment Cum  is 0.60µB  and 0.55µB  for 
La2CuO4 and YBa2Cu3O6.10 respectively [77, 78]. For 
the electron doped superconductors Pr2CuO4 and 
Nd2CuO4, the Cu magnetic moment is in the range 
0.40µB - 0.46µB  [81-83]. 
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In low doping regime, the cuprate superconductors 
are antiferromagnetic insulators. When the doping 
increases, the Neel temperature TN (x)sharply 
decreases from its maximum value and it is 
suppressed to zero at critical doping xc  (Figure 3). The 
variation of the Neel temperature with concentration 
can be expressed as [12, 61] 

 

Figure 3: Phase digram of high- cT  cuprate 
superconducotors for 3.01 !! x . 
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The concentration x  varies from zero to xc = 0.0212  
and n = 1.9  for the lanthanum compound. In this range, 
the AF order is three-dimensional. For 0.02 ! x ! 0.08 , 
there is no long Neel range order and this phase is 
considered to be the spin glass phase. The Neel 
temperature TN (0) , the Cu magnetic momentmCu and 
the superexchange J  for some cuprate 
superconductors are summarized in Table 4. 

The superconductivity occurs only after the 
complete destruction of the tree-dimensional 
antiferromagnetic (3D AF) order. The long-range 
antiferromagnetic order of La2CuO4 is completely 
destroyed when 2 % of Sr is doped into the system. In 
YBa2Cu3O6+x, the doping is coupled to tetragonal-
orthorhombic transition that occurs in the vicinity of x  
= 0.3-0.4. This compound is an antiferromagnetic 
insulator in its tetragonal phase at small concentration 
x , and it becomes superconducting metal in its 
orthorhombic phase at large x . 

In electron-doped superconductors such Nd2-

xCexCuO4 and Pr2-xCexCuO4, the Neel temperature is 
only gradually reduced by electron-doping and the 
antiferromagnetic order only disappears at x  = 0.14 
where superconductivity appears.  

The antiferromagnetic order within the CuO2 planes 
is long–range with a correlation length greater than 200 
Å. In the low doping regime 0.05 ! x ! 13 , there is a 
competition between superconductivity and spin 
density waves (SDWs) and when the concentration 
increases the SDW parameter decreases giving rise to 
superconductivity.  

Neutron measurements reported the observation of 
propagating spin waves at scales larger than J  [84]. 
The medium range magnetic correlations are still 
present at optimal doping and the short-range AF 
domains survive in high doping regime. The 
persistence of two-dimensional spin ordering on doping 
is detected by experimental results [85].  

The magnetic correlation !m (x,T ) decreases when 
the concentration x  increases and it is about equal to 
the average spacing between the doped holes (Figure 
4). This fact indicates that the magnetic ordering 
survives in highest Tc  superconducting region x ! 0.15 . 

Table 4: Experimental Values of the Neel Temperature NT , the Cu Magnetic Moment Cum  and the Superexchange 
Energy J  for some Cuprate Superconductors 

Compound NT (K) Cum ( Bµ ) J (meV) References 

La2CuO4 325 0.60 146 77 

YBa2Cu3O6.1 410 0.55 106 78 

TlBa2YCu2O7 >350 0.52  79 

Ca0.85Sr0.15CuO2 537 0.51  80 

Nd2CuO4 276 0.46 155 81 

Pr2CuO4 248 0.40 130 81 
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Figure 4: Variation of the magnetic correlation length m!  
with the hole concentration x  in La2-xSrxCuO4. The solid line 

is the relation x/4.5  (Å) [13, 85] 

In the interval 10-300 K, the magnetic correlation 
length has been deduced to be of order of 18 ± 6 Å for 
x ! 0.11 for Tc  = 26 K and it is about 10 Å for x  = 0.20 
corresponding to Tc  = 30.5 K. The variation of !m (x,T )  
with concentration x  can be expressed as [86]  

!m (x,T ) " x
#1/2e0.85 /2xT           (2) 

The variation !m (x,T )  with concentration x  is 
illustrated in Figure 5. We remark that experimental 

values obtained from NQR are in good agreement with 
those obtained from neutron scattering.  

The magnetic correlation !m (x,T )  could be fitted to 
the form [87] 

!m (x,T )
"1 = !m (x, 0)

"1 + !m (0,T )
"1         (3) 

where !m (x, 0) = !m (x)  and !m (0,T ) = !m (T )  This form 
is expected for phase separation if the magnetic 
domain have size !0 (x) . This allows an estimate 
domain size !0 (0.02) = 200Å, !0 (0.04) = 40 Å. From 
mean field theory, the AF domain scales like 
L(x) ! x"n /2 !1 / x . 

Experimental results show strong antiferromagnetic 
correlations in yttrium compound YBa2Cu3O6+x [88]. 
The magnetic correlation decreases with x  and it is 
about equal to lattice parameter a  for x  = 1. This 
indicates clearly that AF spin ordering survives in high-
Tc . Experimental results show that the pseudogap 
decreases with the concentration and goes to zero at 
optimal doping corresponding to maximum Tc  [88-89]. 
The first evidence came from NMR measurement [90] 
on two YB2CuO3+x samples, a slightly overdoped 
sample ( x = 0.97 ) and an underdoped sample 
( x = 0.64 ). This pseudogag has been interpreted in 
terms of a spin gap, arising within a purely magnetic 
model of cuprates.  

The lanthanum La2-xSrxCuO4 and yttrium YB2CuO3+x 
compounds are antiferromgnetic insulators in their 
tetragonal phase at small x , and become 
superconductors in the large x  orthorhombic phase. 
The separation between these two singularities in the 
tetragonal phase is proportional to the SDW order 
parameter. This parameter decreases when the 
concentration x  increases. Other experimental results 
[91, 92] show that there is a coexistence between the 
two-dimensional antifrromagntism (2D AF) and 
superconductivity state of the CuO2 planes with a short 
magnetic correlation length which decreases with x . 
For lanthanum compound La2-xSrxCuO4 and 2212 
bismuth compound, it has been shown that Tc (x)  and 
TN (x)  disappear together when the system becomes 
metallic for higher x  value. This suggests that 2D AF 
favors superconductivity because the the 
corresponding magnetic fluctuations can give an 
attractive interaction between two electrons or holes 
related to the exchange magnetic excitations [16]. The 
magnetic correlation !m (T )decreases with temperature 
T  and can be expressed as !m (T ) " exp(C /T )  [73]. 

 

Figure 5: Variation of the magnetic correlation length m! with 
the hole concentration x  in La2-xSrxCuO4 at T = 77 K, as 
derived from NQR for 139La and 63Cu and comparison with 
the results obtained through the neutron scattering. The solid 
line is the relation given by Eq. (2) [86]. 
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The theoretical analysis of the correlation length give 
the essential following result [93-96] 

! / a " e2#$s!T             (4) 

where the spin stiffness !s  is proportional to the 
superexchange energy J . The experimental results 
are in good agreement with theory [93]. 

4. THE TWO CHARATERISTIC LENGTHS 

There are two important microscopic lengths that 
characterize the magnetic properties of 
superconductors: the coherence length !  and the 
penetration depth ! . These microscopic lengths are 
two of the key parameters describing the 
superconducting state.  

In conventional superconductors, the coherence 
length !  is about !  103 – 104 Ǻ, and the penetration 
depth !  is about !160 – 1100 Å, but in high-Tc  
superconductors, !  is in the range (!  9 – 40 Ǻ) and !  
is about !1000-20000 Å. 

All of the cuprate superconductors are type-II 
superconductors, with ! = "L / # > 10 . The coherence 
length is anomalously small and the penetration depth 
!  is anomalously large. 

For the superconducting oxide the anisotropy is 
large: !c / !ab " 3#10  and !ab / !c " 5 .  

4.1. The Coherence Length 

The high- Tc  cuprate superconductors are 
characterized by short coherence length ! . 
Experimental results show that short coherence lengths 
have been obtained for some of high- Tc  Cu oxide 
superconductors: 16 Ǻ for YBa2Cu3O6+x [44, 45], 13.6 Ǻ 
for Tl-2223 [46], 9.7 Å for Bi-2223 and 9 ± 1 Å for Bi-
2212 [47, 48]. Other experimental results show that the 
coherence length is about 25 Å for yttrium compound 
[94]. For lanthanum compound La2-xSrxCuO4, if we 
estimate the coherence length between 20 Å and 40 Å, 
the ratio ! / a  is about ≈ 5 – 10 and about 2.5 – 4 for 
other cuprate superconductors (the lattice parameter is 
about a ≈ 4 Ǻ). Several other exotic superconductors 
have nearly the same ratios ! / a  ≈ 2.5 – 3.5 [44]. 
These results are very smaller than the typical ratios 
! / a  of 103 for the conventional superconductors. For 
comparison some ! / a  values for pure metals are: Al, 
5600; In, 1.100; Sn, 760; Pb, 250; Nb, 200 [44]. We 
remark that these values of the coherence length are 
very small relative to their values in conventional 

superconductors. The properties of the coherence 
length will be discussed in more detail in section 8. 

4.2. The Penetration Depth 

The high- Tc cuprate superconductors are 
characterized by a large value of the penetration depth. 
This penetration depth for an isotropic superconductor 
is given by 

!(0) = m"

µ0nse
2

#

$%
&

'(

1/2

          (5) 

where m!  is the effective mass of carriers, µ0  the 
permeability of vacuum, ns  the concentration of the 
superconducting state and e  the electron charge. If we 
suppose that all electrons are superconducting at 
temperature T  = 0 and sn =1029 m!3 , we obtain !(0) = 
168.55 Å for the conventional metal superconductors. 
But in the cuprate superconductors the value of !(0) is 
large compared to its value in the classical 
superconductors.  

In these cuprate superconductors the supercourents 
flow predominantly in the CuO2 plane giving rise to an 
anisotropic penetration depth. The anisotropy of !  
implies anisotropy of the effective mass and the 
London formula given by Eq. (5) has the more general 
form [97-99] 

!(0) =
mab,c
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        (6) 

where mab
! (mc

! ) is the effective mass of the 
superconducting carriers associated with !ab  ( !c ). In 
polycrystalline sample one measures an effective 
penetration depth !eff  which is independent of the 
anisotropy ratio and is determined by !ab [97, 99]: 

!eff " 1.23!ab            (7) 

The values of !ab (0)  and !c (0) can be deduced 
from the penetration depth !eff = 155 nm and the 
known !c / !ab " 5 . Using Eq. (7), one obtain the 
values of !ab (0)  and !c (0)  at T  = 0: !ab (0) = 133 nm 
and !c (0) !500-800 nm. These results are consistent 
with the experimental values of the penetration depth 
and the anisotropy ratio of YBa2Cu3O6+x obtained with 
other various methods [100-105]. All these experiments 
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show that !ab (0) is in the range 130- 141.5 nm and 
!c (0) is in the range 500- 800 nm. 

At higher temperatures we expect sn  to decrease 
and !(T ) to increase. The temperature dependence is 
often well described by 

!(T ) = !(0)

1" T /Tc( )4#
$

%
&
1/2           (8) 

where !(0) is the value of penetration depth at T  = 0. 
The penetration depth increases with T and diverges 
as T ! Tc and ns (T )! 0 . 

The variation of the effective penetration depth 
!eff (T )  with temperature for high quality sintered 
YBa2CuO6.97 sample is shown in Figure 6. This 
effective penetration depth is very well described by the 
empirical formula given by Eq. (8). The properties of 
the effective penetration depth !eff (T ) and the ratio 
!c / !ab " 5  are very well analyzed by Keller in Ref. 
[99].  

 

Figure 6: The variation of the penetration depth eff!  with the 
tmeperature T  for yttrium compound YBa2Cu3O6+x 
( 97.0=x , 5.89=cT K) measured in a field of 350  mT. The 
solid curve is a fit using the empirical expression given by Eq. 
(8) [99]. 

In tight-binding BCS type model of layered high-
temperature superconductors [98], the theoretical 
values of !ab (0)  and !c (0) are in qualitative agreement 
with experimental results [100-105]. The values 
obtained in this model [98] are in the range 940 -1878 
Å for !ab (0)  and in the range 6738- 4992 Å for !c (0)  

and the value of the effective mab
!  is in range 2.70m0 -

10.84m0 .  

In our approach the effective mass m!  is in the 
range 2m0 - 6m0 [106]. Therefore we obtain the values 
of !ab (0)  in the range 752.56 Å – 1303.46Å for carrier 

concentration ! 1022 cm-1. For m! = 2m0 , the value of 
!ab (0)  is in the range 752.55Å – 2380 Å when the 

carriers concentration is in the range 1021 !1022 cm-1. 
These values are in good agreement with experimental 
results [99-105].  

5. ELECTRONIC STRUCTURES 

5.1. Basic Cristal Structure 

The high- Tc  cuprate superconductors have CuO2 
planes playing a fundamental role both in the normal 
and superconducting states. Between the CuO2 planes 
there are other layers which serve as charge reservoirs 
to these planes. For the lanthanum compound 
La2CuO4, the valence of Cu is 2 +  corresponding to 
3 d9  electronic configuration. Since the Cu2+  is 
surrounded by six oxygen atoms, two of them lying 
above or below the plane, and the four others inside 
the plane, the crystal field splits the otherwise 
degenerate five d -orbitales. The four lower energy 
orbitals including dxy , dxz  , dyz and d3z2 !r2  are fully 

occupied, while the highest energy dx2 ! y2 is half filled. 

The covalent bond is obtained from the filling of 
electrons in the bonding orbital of Cu3d(x2 ! y2 ) !O2 p  and 

the half-filling of the anti-bonding orbital!dp
"  (Figure 7)  

 

Figure 7: Illusration of the formation of the bonding and 
antibonding in CuO2 planes. Splitting of d3  orbital energy in 
the square coordinated environment. The atomic Cu d3  level 
is split into eg  and gt2  states. There is a further splitting into 

22 yx ! , 223 rz ! , xy  and yz , zx . There is hybridization of 
the Cu  states, particularly 22 yx !  with the O  p2 states 
thus forming a half-filled two-dimensional Cu O3 22 !!yxd  

yxp ,2 antibonding band. 
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[3, 13, 107]. The Bloch wave function can be written 
as the following linear combination [3] 

! k (k, r) =
1
N

ekR Akdx2 " y2 (r " R) + Bk px (r " R
a1
2
) + Bk px (r " R

a2
2
)#

$%
&
'(R)

             (9) 

The band dispersion is given by 

!(k) =
(Ep + Ed )

2
± 1
2

Ed " Ep )( )2 + 8# 2 2 " cos kxa " cos kya( )
Ep

$
%
&

'&
 

           (10) 

where Ep  and Ed  denote the energy of the p  orbitals 
of oxygen and of the d  orbitals of copper respectively 
and !  is the transfer integral between dx2 ! y2 and px or 

py . The logarithmic singularities of n(!)  are obtained 
at the energies 

Es
± = 1

2
Ed + Ep( ) ± 12 Ed ! Ep( )2 +16" 2       (11) 

There are four van Hove singularity points at 
k = ( ±! / a , 0 ) and k = ( 0 , ±! / a ). When the Fermi 
energy is low, the Fermi surface is circular. As the 
Fermi energy is raised, the Fermi surface is distorted 
and becomes a square at the half-filled position. When 
the Fermi energy !F = Es , the Fermi surface is a 
square and perfect nesting can be occurred.  

5.2. Form of the Density of States 

When the ratio t = ! 2 / (Ed " Ep ) << 1 , Eq. (10) can 
be written in its simple form 

!k = 4t " 2t cos kxa + cos kya( ) = !E " 2t cos kxa + cos kya( )  
           (12) 

where t  appears as an effective transfer integral 
between two atoms of copper. The Fermi surface is a 
perfect square. This leads to instability against 
formation of a spin or charge density wave, in addition 
to the Cooper pairing which is independent of the Fermi 
surface topology. The presence of saddle points of 

)(k!  gives rise to a logarithmic van Hove singularity of 
the density of states which is given by [3] 

n(!) = 1
2" 2t

ln 16t
! # !F

        (13) 

Another work [108] shows that the density of states 
n(!)  derived from a tight-binding model on a two 
dimensional square lattice contain a logarithmic term 

plus a constant one n(!) = n1 ln D !( ) + n0 , where 

n1 = 1 / 2!
2t , D = 4t  and n0 = 1 / 2! 2t( ) ln 4 . The 

density of states can be expressed as 

n(!) = 1
2" 2t

ln 4t
! # !F

+ 1
2" 2t

ln 4        (14) 

The Fermi surface is a perfect square and near the 
singularity, the density of states is 
n !( ) = 1 / 2D( ) ln D !( )  where D = ! 2t [109]. Near the 
band edge the two-dimensional electronic spectrum is 

developed as ! k( ) " !F = t kxa( )2 + kya( )2( )  which leads 

to a constant of the density of states n0 = 1 4! t . 

In the free electron model, the two-dimensional 
electronic spectrum is given by  

 
!(k) = !F + !

2

2m" kxky         (15) 

From this expression, we have obtained the same 
formula of the density of states n(!) [106] 

 
n(!) = ns (!) + n0 =

2m"a2

# 2!2
ln # 2!2

4m*a2 ! $ !F
+ m

"a2

2#!2
     (16) 

We can write the general density of states n(!)  as  

n(!) = n1 ln
D

! " !F
+ n0         (17) 

With this form of the density of states, we evaluate 
the major parameters for the cuprate superconductors. 

5.3. Fermi Surface Instability, SDW and CDW 

The possibility of the Fermi surface instability was 
considered because of the 2D square shape of the 
Fermi surface expected for the half-filled !dp

" [13]. 
When the Fermi energy is low, the band gives a free 
electron like circular Fermi surface. As the Fermi 
energy !F  is raised, the Fermi surface is distorted from 
a circle and becomes a square at half-filled position. 

The lattice can be distorted because of the Coulomb 
interaction between lattice and charge. In these 
compounds, there is a competition between electron-
electron interaction and electron-phonon interaction 
when the doping increases. The possibility of spin 
density waves and charge density waves are formed. 
Conventional superconductivity and charge density 
waves (CDWs) are produced by strong electron-
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phonon coupling. Spin density waves (SDWs) are 
produced by strong electron-electron repulsion which 
tends to destroy superconductivity. The large electron-
electron interaction VC  favors the formation of SDW 
and tends to suppress the superconductivity. On the 
other side, large electron-phonon interaction Vp  favors 
superconductivity and destroys SDW. For small values 
of both parameters both possible broken symmetries 
destroy each other giving rise to a paramagnetic 
phase. For large values of both parameters VC  and 
Vp , both superconductivity and SDW coexist in a large 
proportion of the phase space [110]. In general there is 
coexistence between density spin density waves or 
charge density waves (SDWs or CDWs) and 
superconductivity in high- Tc superconductors. We 
mention that experimental results show that there is 
coexistence between charge or spin density waves 
(CDWs or SDWs) and superconductivity in La2-

xSrxCuO4 and YBa2Cu3O6+x [111-113]. The CDW is 
strongest with the longest in-plane correlation length 
near 1/8 doping. On entering the superconducting state 
the CDW is suppressed [111]. In low doping situation 
the long range antiferromagnetic order is destroyed to 
give rise to SDW state accompanied by a CDW state in 
the system due to doping. For suitable doping the 
superconductivity appears in the system. The 
significance of the various forms of CDW and SDW is 
still not understood. Their detection, characterization 
and relationship with superconductivity remain an open 
problems.  

The model for the density of states of a two-
dimensional system is unstable at half-filling in view of 
nesting effect [114]. We believe that instability is due to 
the magnetic excitations or thermodynamic 
fluctuations. The role of the singularity in the 
mechanism of high- Tc  superconductivity and the 
stability of the system are not yet established but we 
want to stress that this model has already explained a 
certain number of experimental facts, i.e high Tc  [3], 
small isotope effect [108, 110], linear resistivity and 
thermopower [67], and other properties. We focus on 
the role of the van Hove singularity that will be present 
in stable situations. 

5.4. Evolution of the Electronic Structure from 
Insulator to Superconductor  

The electronic structure of the high cuprate 
superconductors evolutes with doping. In absence of 
doping the planes CO2 have strong antiferromagnetic 
correlation ant the insulating antiferromagnetic state is 
converted into a metallic paramagnetic one with 
doping. 

In undoped cuprates, the strong Coulomb 
interaction VC on the same Cu site makes them 

antiferromagnetic insulators with energy gap of 2 eV. In 
the normal state, the Coulomb interaction is very large 
and estimated to be 6 to 8 eV and the valence band is 
about 6 to 7 eV wide [115]. The electron-electron 
interaction produces spin density waves (SDWs).  

The band predicts a large Fermi surface which 
corresponds to high carriers density that varies with 
doping. The doping with a very small number of holes 
would lower the Fermi energy through the band and 
produce a Fermi surface with pockets centered at 
(! / 2a ,! / 2a ). For p-type doping an important 
difference in band shape between the insulator and the 
metal is the existence of the saddle points close to the 
Fermi level near ( ! / a , 0) that are missing in the 
insulator. The lowest energy band in the insulator and 
the band that crosses !F  in the hole doped metals are 
very similar. The band is separated from the valence 
band in the same way, it has similar dispersion, and it 
has similar intensity modulation as a function of energy. 

In the metallic phase, the electronic structure is 
affected by short-range antiferromagnetic spin 
fluctuations [115] 

6. ELECTRON-PHONON COUPLING 

It is well known in conventional superconductors, 
electron-phonon coupling is responsible for Cooper 
pairs. In metals, the kinetic energy or the Fermi energy 
!F  is of order of 1-10 eV [116, 117] and the phonon 
energy is much smaller ( !  1-100 meV) [107]. In the 
insulator, the kinetic energy is much smaller than the 
phonon energy and the carrier can be dressed by a 
thick phonon cloud and its effective mass can be very 
large. In general when the kinetic energy of particles is 
less than the phonon energy, the dressing of the 
phonon cloud could be large and the electron-phonon 
coupling enters into polaron regime. 

The electron-phonon coupling could play a 
fundamental role in high- Tc  superconductors. This 
interaction is characterized in two categories: a) weak 
coupling, b) strong coupling and polaron regime. The 
weak electron-phonon coupling is useful in accounting 
for many observations. For example, in the cuprate 
superconductors, the Fermi energy is of order 0.1 – 1 
eV and the phonon frequencies are in the range 335- 
640 cm-1[118]. However there are experimental 
indications that defy weak electron-phonon coupling. 
Weak electron-phonon coupling or strong electron-
phonon coupling remains an open question. 

A new interpretation of the role of electron–phonon 
interactions in electron pairing in superconductivity is 
recently suggested [119] by comparison with the 
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conventional Bardeen–Cooper–Schrieffer (BCS) 
theory. In this interpretation, vibronic stabilization for 
independent one-electron systems as well as for two-
electrons systems can be explained by one-electron 
theory. The vibronic and Jahn–Teller stabilization 
energy in the opened-shell electronic states can be 
considered to originate from the second-order 
processes in the vibronic and electron–phonon 
interactions between two electronic states of 
independent one electron, in view of one-electron 
theory. 

7. JAHN-TELLER EFFECT 

The Jahn-Teller (JT) effect was initially developed 
for molecules and applied to isolated impurities in 
solids. The Jahn-Teller theorem states that whenever a 
molecule has an electronic degeneracy, there is a 
molecule distortion which splits the degeneracy. This 
degeneracy in a molecule is instable [61].  

The molecule with an electronic degeneracy can 
lower its energy by distorting spontaneously. If the 
energy barrier is small, the molecule can tunnel 
between several equivalent distortions, giving rise to 
the dynamic Jahn-Teller effect. In a crystalline solid, 
the electronic degeneracy is associated with the two 
Fermi surface points. 

The coupling can always be related to the Jahn-
Teller effect of the Cu2+ cation. It has been shown that 
the Jahn-Teller effect of the Cu2+ cation brings about 
an attractive pairing interaction between the hybridized 
3d9 electrons states [5]. 

The Cu2+ is a typical Jahn-Teller cation which 
distorts the copper oxygen bondings and lowers the 
electronic energy level, yielding to so called Jahn-Teller 
polaron [5]. This concept led to the discovery of high 
temperature superconductivity in hole doped La2CuO4 
[120]. 

In the lanthanum compound La2SrxCuO4, the 
distortion of CuO6 octahedra is a typical JT effect. The 
displacement of the oxygen anions leads to the 
elongation Cu-apical O distance. This elongation is the 
JT distortion which splits the d  hole degeneracy.  

The Jahn-Teller effect has been already considered 
as responsible for high critical temperature in high- Tc  
superconductors [4, 5, 7-9, 121-126].  

The isotope effect observed in high- Tc  

superconductors is probably due to the Jahn-Teller 
effect. Based on this effect, Apostol has obtained high 
critical temperature Tc , small isotope effect ! and 
relatively large superconducting gap ratio 
R = 2!(0) / kBTc  in lanthanum and yttrium compounds. 
His theoretical results [123] for Tc  and ! are in good 
agreement with experimental results. There is a 
function of x  a tetragonal-orthorhombic transition with 
a =3.83 Å and b  = 3.88 Å; along the direction 
perpendicular to CuO2 plans, one can define the c  axis 
whose unit cell periodicity is of order of 11.7 Å [16]. 
This structural transition from a tetragonal to 
orthorhombic phase has been already considered 
important in high- Tc  superconductors. When the Fermi 
level !F  coincides with singularity, a band Jahn-Teller 
effect is expected, which leads to structural phase 
transition from the tetragonal phase to an orthorhombic 
one [3]. 

The unique van Hove singularity in tetragonal phase 
is splitted into two singularities with the Fermi level 
lying between them, in a region where the density of 
states is low [3, 15]. The electronic degeneracy is 
associated with these two singularities. Any structural 
distortion which splits this degeneracy is called a SVH-
JT effect [61]. This effect is pointed out by Friedel [127] 
and applied to cuprates by Markiewicz [128-130]. 

The VHS-JT model predicts a competition between 
structural instability and superconductivity. 

8. THEORETICAL APPROACH 

8.1. Basic Hypothesis and Assumption 

The high- Tc  superconductors have quazi-2D 
structure. All their properties show that the good 
conductivity occurs in the CuO2 planes. These planes 
are antiferromagnitic insulators in low doping regime. 
This nearly 2D-structure leads naturally to van Hove 
singularities in the density of states. We consider a 
two-dimensional system to describe and evaluate the 
major parameters of these compounds. To do this, we 
consider 

• perfect periodicity of the crystal, 

• the singularity is present in a stable situations 
and the Fermi energy lies close to the van Hove 
singularity, 

• at low temperature, the pairing is due essentially 
to the phonons. 

• at high temperature, the pairing is due 
essentially to the magnetic excitations.  
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8.2. Calculation of Tc  

The general equation giving the gap !  at 
temperature T in BCS theory is given by [131] 

!(T ) = " 1
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           (18) 

Near Tc  , the gap energy !  goes to zero and Eq. (18) 
becomes 

1 = ! 1
2
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The improvement here is to consider two types of 
interactions. The first one is related to the phonons 
which is described in BCS theory by a constant 
attractive matrix element !Vp (Vp > 0 ) and the second 
due to the magnetic excitations !Vm (Vm > 0 ) which is 
considered constant from !W / 2 to +W / 2where W is 
bandwidth. 

8.2.1. Expression of Tc  at Low Temperature 

Based on our hypothesis, at low temperature, the 
attractive interaction is due to the phonons Vp which is 
constant between !kB"D  and kB!D . Introducing Eq. 
(17) in Eq. (19) we obtain the following expression of 
Tc  at low temperature 
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If we neglect the singularity ( n1 ! 0 ), we obtain the 
BCS formula 

8.2.2. Expression of Tc  at High Temperature 

Based on our hypothesis, the attractive interaction 
is due essentially to the magnetic excitations 
!Vm (Vm > 0 ). This interaction is considered constant 
from !W / 2  to +W / 2 , This interaction is very well 
described in Ref. 6 and has the form 

Vm = K 2

J
          (21) 

where K is the Kondo-type exchange interaction 
between spins responsible for conduction and copper 
spins Cu( K = Jpd ) and J ( J = Jdd ) is the exchange 

interaction between two Cu spins. This interaction has 
the approximate expression [6] 
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where d  is a characteristic length for the overlap of 
wave functions and M  is the mass of oxygen or 
copper ion and  !!0  is the Cu !O  vibrational energy. 
Introducing Eq. (17) in Eq. (19) we obtain the following 
expression of Tc  at high temperature 
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If we neglect the singularity ( n1 ! 0 ) and we take 
D = J , we obtain the Kurihara formula [6]  

8.2.3. General Expression of Tc  

Introducing Eq. (17) in Eq. (19) and taking into 
account the two interactions, we obtain 
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Analytical and numerical calculations give [132] 
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where  
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It is interesting to note that Eq. (25) does not 
provide any upper limit. In fact this equation is also 
applicable to low as well as high- Tc  superconductors. 
For the conventional superconductors, there is neither 
singularity ( n1 ! 0 ) nor magnetic excitations and 
D = kB!D , Eq. (25) leads to the BCS formula. 
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For the cuprates, the singularity and the magnetic 
excitations are not negligeable. In this case some 
cases are possible: 

(1) for Vm = 0 we find the expression of Tc  
obtained from the gap energy equation [133]. In this 
case, if we replace the coupling constant !p = n1Vp  by 

!p " µ#  where the pseuopotential µ!  given by [134] 

µ! = n1Vc

1+ n1Vc
1
2
ln D
kB"D

#
$%

&
'(

2

+ n0
n1
ln D
kB"D

)

*
+
+

,

-
.
.

      (28) 

we have the expression obtained by Force-Bok. In 
this case, the Coulomb interaction VC  has a strong 
effect in reducing Tc  but does not suppress 
superconductivity. 

(2) for Vm = 0  and n1 = 0 , three cases are 
possible, a)when D = !F , this leads to an exact result 
than obtained by Tsuei et al [135], b) when D = 16t , t  
being intersite transfer integral, we have the expression 
obtained by Germain and Labbé [15], c) when 
D = 21.17796t , we obtain the expression obtained by 
Szczesniak et al [136]. In these cases, the Debye 
energy enhances the superconducting transition 
temperature. For example Tc  increases from 10.22 K 
to 19.30 when the Debye energy varies from 0.025 eV 
to 0.065 eV. 

(3) for Vp = 0 , we find the expression of Tc  
obtained in a previous work [137]. In this case, Tc  is 
independent on the Debye energy and the isotope 
coefficient ! = 0 . 

(4) for Vp = 0 , n1 = 0  and D = J , we obtain the 
Kurihara formula [6]. 

Equation (25) is a general expression describing the 
high- Tc  superconductors. At low temperature, the 
pairing is due essentially to the phonons and the 
superconductivity in the electron-doped cuprates is 
very well described by Eq. (20). With the expression 
(20), we obtain easily Tc = 22 K for Nd2-xCexCuO4 
(NCCO), Tc =19 K for Pr2-xCuO4 (PCCO) and Tc = 24-
26 K for Pr1-xLaCexCuO4 (PLCCO). 

At high temperature the superconductivity in hole-
doped cuprates is very well described by equation (23). 
With this expression, we obtain easily Tc = 96 K, 123 K 
and 135 K for optimally doped Hg-1201, Hg-1212, and 
Hg-1223. In the intermediate temperatures, the 
superconductivity is very well described by Eq. (25) 

8.3. Properties of the Two-Gap Parameters 

The total gap !(T )  is constant and can be 
expressed as  

!(T ) = !sg
2 (T ) + ! pg

2 (T )         (29) 

where !sg (T ) is the superconducting gap (SC) and 
! pg (T ) is the pseudogap (PG). At low temperature the 
total gap is a pure SC, but at high temperature it is a 
pure pseudogap, and at intermediate temperature the 
gap has two contributions, one form the 
superconducting gap and the other form the 
pseudogap. Just as there are two gap parameters, 
there are two temperature scales: the pseudogap 
temperature T !  marking the appearance of the 
pseudogap and Tc  which marks the appearance of the 
superconductivity. The superconducting gap vanishes 
at Tc , while the pseudogap exists both above and 
below Tc . This behavior is illustrated in Figure 8. At 
T = 0 , the gap is equal to !(0) = !sg (0)  and at T = Tc  
the gap is equal to !(Tc ) = ! pg (Tc ) . Above T = Tc  the 
pseudogap decreases and is suppressed to zero at 
T = T ! . At temperatures Tc < T < T ! the total gap is a 
pure pseudogap: !(T ) = ! pg (T ) . When the 
concentration decreases, the pseudogap increases 
while the superconducting gap decreases. The SG and 
the pseudogap PG are anisotropic: they have 
maximum values along 100  and 010  directions and 
have minimum values along 110  direction. Many 
studies have shown that sg!  has d-wave symmetry 

and ! pg  has a similar anisotropy where !sg (k)  can be 
expressed as !sg (k) = !sg cos(2" ) and 

! pg (k) = ! pg cos(2" ) [138 – 141]. It believed that the 

 

Figure 8: Variation of the superconducting and total gaps 
with the temperature. 
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order parameter in cuprate superconductors has purely 
d-wave symmetry [142, 143], but there are a wide 
variety of experimental data that support s or even 
more complicated types of symmetries (d+s, d+is, etc.) 
[144]. A more reasonable explanation is that the gap 
has a substantial anisotropy, while still retaining the full 
point-group symmetry of the crystal, and it also remains 
nodeless [44].  

8.3.1. Properties of the Pseudogap 

The existence of the pseudogap ! pg  (PG) in the 
electronic spectra is one of the most important features 
of high-Tc superconductors. Several experimental 
results have confirmed this existence in the electronic 
excitation spectrum [145-147]. These experiments 
show that the peak of the density of states is located 
above the Fermi level F!  and the separation 
!F " !VHS  is identified to the pseudogap ! pg  (PG). For 

instance, ! pg  is about 220 meV corresponding to the 

pseudogap transition T ! = 1050 K for La2CuO4, while 
for Y-124, ! pg is about 19 meV and T ! = 120 K [61].  

For Bi-2212, the magnitude of the pseudogap is 
about 10 - 20 meV in low doping regime. It decreases 
with doping and disappears at optimal doping xop . In 
optimally and overdoped samples with the hole 
concentration x ! 0.17 the pseudogap is absent [148].  

For bismuth compound Bi-2212, it is found that the 
separation !F " !VHS  decreases with doping [61]. This 
separation varies as [149]  

!F " !VHS = #!F           (30) 

where the parameter ! control the position of the VHS 
with respect of the Fermi level. At optimal doping 
( ! = 0 ), the Fermi level lies close to the singularity. 

From this expression of the density of states, the 
pseudogap can be is expressed as [150] 

! pg (x) = ! pg
0 1" x

xop

#

$
%

&

'
(         (31) 

In low doping regime, ! pg  is large, but in 
intermediate doping regime, the size of the PG 
becomes comparable to the superconducting gap. It 
has been shown, that incommensurate magnetic 
fluctuation in yttrium compound YBa2Cu3O6.6 is 
associated with the opening of the pseudogap in the 
electronic spectrum [151].  

In tight-binding model, Bouvier J and Bok J have 

shown that the shift of the singularity from the Fermi 
level explains probably the pseudogap [152].  

It is well established that magnetic correlations play 
a crucial role in the superconducting state [153] and the 
spin density waves (SDWs) can be considered. In 
conventional superconductors, charge density waves 
(CDWs) are produced by strong electron-phonon 
interaction Vp , while the spin density waves are 
originated by strong electron-electron repulsion VC . 
The large value of VC  favors the formation of the SDW 
and tend to suppress superconductivity. On the other 
hand, the large value of Vp  favors superconductivity 
and destroys SDW [110]. The interplay of the charge 
density wave (CDW), spin density wave (SDW) and 
superconductivity in high temperature superconductors 
has been studied by Panada SK and Rout GC [154]. In 
this model, it has been shown that in low doping regime 
the long range antiferromagnetic order is destroyed to 
give rise to SDW state accompanied by a CDW state in 
the system due to doping. The competition between 
CDW and SDW orders in underdoped YBa2Cu3Oy has 
been recently studied by Hücker M and coworkers 
[155]. 

When the hole concentration x  increases, the 
unique singularity is splitted into two singularities [61]. 
The separation between the two peak which is 
proportional to the SDW order parameter !SDW  
decreases with the hole concentration [110]. We 
remark that the pseudogap given by Eq. (31) is 
proportional to the SDW parameter !SDW  
( ! pg " !SDW ). 

When the hole concentration x  increases, the spin 
density wave parameter decreases and it is 
suppressed in high doping regime ( x ! xop ) giving rise 
to the superconductivity. It has been shown, in scaling 
theory [109], that the critical temperature Tc,SDW , and 
the SDW order parameter !SDW  are proportional to 

exp !(" 2 (3.86t) /VC( )1/2#
$%

&
'(

. This parameter decreases 

when the hole concentration x  increases. In low 
doping regime the long range antiferromagntic order is 
destroyed to give rise to SDW state accompanied by a 
superconductivity state. In high doping regime, the 
SDW order is suppressed to give rise to 
superconductivity.  

8.3.2. Properties of the Superconducting Gap 

At T = 0, the interaction is uniquely related to the 
phonon Vp which is constant in the range  2!!D  
centered about the Fermi level !F  and the Eq. (18) is 
written as 
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1 = ! 1
2

Vp
"k'
2 + #2 0( )k '

$         (32) 

After replacing the sum by integral, we have 

 

2
Vp

=
n !( )d!

! " !F( )2 + #2 0( )!F "!!D

!F +!!D

$        (33) 

Introducing Eq. (17) in Eq. (33), we obtain 

 

1
n1Vp

= d!

! " !F( )2 + #2 0( )0

!F +!!D

$ ln D
! " !F

+ n0
n1

d!

! " !F( )2 + #2 0( )0

!F +!!D

$
           (34) 

Analytical calculation gives the following expression of 
the gap energy [133] 

 

! 0( ) = 2D exp n0
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    (35)  

When there is no singularity n1 = 0  and D = !!D , 

we have the BCS formula: 
 
!(0) = 2!"D exp #1 / n0Vp( ) . 

When n0 = 0  and D = !F = kBT F  where TF  is the 
Fermi temperature, we obtain the expression derived 
by Getino et al: 

!(0) = 2kBTF exp " 2 / n1Vp( ) + ln TF /#D( )( )2 "1.64$
%&

'
()
1/2*

+,
-
./

 [156]. Equation (35) is applicable to low as well as high 
temperature superconductors. Numerical calculation 
shows that the gap energy !(0)  increases when the 
effective mass increases. When the effective mass 
varies from m! =2m0  to m! =6m0 , the gap energy 
increases from 4.763 meV to 17.874 meV for 

 !!D = 0.025 eV, and from 9.546 meV to 39.80 meV for 

 !!D = 0.085 eV. When the effective mass increases, 
the Fermi velocity vF  decreases while the gap energy 
increases. From this expression, we obtain for the 
parameter !(0) / D = !(0) / "F , the following expression 

 

! 0( )
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= 2 exp n0
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In the weak coupling limit and the Debye energy 

 !!D  is in the range 0.035 – 0.075 eV, the ratio 
!(0) / "F  is in the range 0.01! 0.30 . In conventional 
superconductors, this ratio is very small 
( !(0) / "F # 10$4 ). The large value of this parameter 
has a strong impact on the number of properties of 

high- Tc  cuprates [116, 117]. For example, a large 
value of this parameter leads to an unusual critical 
behavior near Tc . A small value of the energy Fermi 
with large value of the superconducting gap leads to 
large value of this parameter. The large value of this 
ratio means that a significant fraction of carriers are 
paired. This corresponds to small value of the Fermi 
velocity and large Tc .  

8.4. Expressions of the Fermi Velocity and the 
Coherence Length 

8.4.1. The Maximum of the Fermi Velocity vF
max  

In conventional metal, the Fermi velocity is constant 
and it is in the range (1 - 2)108 cm.s-1. But for the 
cuprate superconductors, the Fermi velocity varies 
from zero to its maximum value vF

max  given by [106] 

 
vF = !!

2m"a
.         (37) 

The Fermi velocity decreases with the effective 
mass m! . From Eq. (37), the maximum of the Fermi 
velocity vF  is in the range (1.072 – 3.218)107 cm.s-1 

when m*  is between 2 m!  and 6 !m ( 0m  is the free 
electron mass). The small value of vF  leads to small 
value of the coherence length. For lanthanum 
compound La2-xSrxCuO4, !0  is estimated between 20 Ǻ 
and 40 Ǻ. With experimental values of the 
superconducting gap ratio R and the superconducting 
transition temperature Tc  and BCS formula of the 
coherence length !0 , we obtain the maximum of the 
Fermi velocity vF  in the range (1 – 1.859) 107 cm.s-1. 
With Eq. (37), we obtain the same values when the 
effective mass m!  is large. In a previous work [150], 
we have shown that the average of the Fermi velocity 
< vF >  is in the range (2 - 8)10-6 cms-1. In the BCS 
theory, the coherence length is given by [131] 

 
!0 =

!vF
!" 0( ) .         (38) 

Introducing Eq. (37) in Eq. (38), we obtain the 
following expression of the coherence length  

!0 =
2 2
! 2

a
"(0)/#F

        (39) 

This formula shows that the coherence length 
depends on the ratio !(0) / D = !(0) / "F . The 
coherence length decreases when the ratio !(0) / "F  
increases. This ratio estimates what fraction of the 
carriers which are directly involved in the pairing. A 
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large gap energy and small value of the width of 
singularity ( D = !F ) contribute to the large value of this 
ratio. The coherence length decreases from 36 Å to 9 Å 
when the parameter !(0) / " F  varies from 0.03 to 0.12. 
The possibility of having a large value of !(0) / "F  and 
short coherence length is related to the quasi-2D 
structure of the high- Tc  superconductors [116,117]. 
The large value of this parameter describes other 
properties such a scale of the critical region near Tc . In 

addition, we mention that the parameter !(0) / "F( )2  
describes the shift in the dielectric function due to 
superconducting transition. This shift is negligibly small 
in conventional superconductors, but it is noticeable in 
high- Tc  oxide superconductors [117]. 

Introducing Eq (36) in Eq. (39), we obtain the 
following expression of the coherence length 

 

!0 =
a 2

! 2en0 n1
exp 2

n1Vp
+ n0
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The coherence length depends on the ratio n0 / n1 , 
on the phonon-interaction Vp , on the width of 
singularity D and on the Debye energy  !!D . This 

expression shows that the ratio n0 / n1  contributes to 
the decrease in coherence length !0 .  

Numerical calculations show that the coherence 
length !0  decreases, when the effective mass m!  

increases. When m!  increases from 3m0 to 6m0 and 
Vp  is in the range 0.10 – 0.14 eV, the coherence length 

!0  decreases from 20 Ǻ to 8 Ǻ. When m!  varies from 
3m0 to 6m0 and when the Debye energy is in the range 
0.035 – 0.085 eV, the ratio !0 / a  decreases from 7 to 2 
. In this case, the coherence length !0  decreases from 
28 Ǻ to 8 Ǻ.  

Other numerical calculations show that the 
coherence length decreases with the phonon-
interaction Vp . When this interaction varies from 0.16 
eV to 0.5 eV and when the Debye energy is in the 
range 0.035 – 0.085 eV, the ratio !0 / a  decreases from 
13.5 to 2. In this case, the coherence length !0  
decreases from 54 Ǻ to 8 Ǻ. We can see that the short 
coherence length in high- Tc  oxides superconductors is 

mainly due to the large effective mass m! . We can see 
also, even increase in Vp  contributes to the decrease 
in !0 . 

Table 5: Theoretical Values of the Coupling Constant !p = n1Vp  and the Coherence Length !0  Obtained from 
Experimental Values of the Gap Energy for La2-xSrxCuO4 ( D = 0.5  eV, n0 / n1 = 4 ), for Thallium Compound Tl-
2201 and Mercury Compounds Hg-1201, Hg-1212 ( D = 0.3225  eV, n0 / n1 = 4 ) 

Compound !0  (Ǻ) 
Eq. 40 

!p = n1Vp   

Eq. 20  !!D (eV) !exp 0( )  (meV) 

31.11 0.0835 0.045 

31.05 0.0669 0.065 
La2-xSrxCuO4  
Tc  = 38 - 39 K 

31.00 0.0606 0.085 

17.5 Ref. 36 

11.10 0.2456 0.065 

10.91 0.2273 0.075 
Tl2Ba2CuO6+x 

(Tl-2201) Tc  = 92.5 K 
10.76 0.2138 0.085 

43 Ref. 29 

14.18 0.1988 0.065 

13.95 0.1865 0.075 
HgBa2CuO4+x 

(Hg-1201) Tc  = 96 - 97 K 
13.76 0.1775 0.085 

33 Ref. 30 

10.88 0.2504 0.065 

10.68 0.2315 0.075 
HgBa2CuO4+x 

(Hg-1201) Tc  = 96 - 97 K 
10.52 0.2177 0.085 

44±4 Ref. 29 

9.67 0.2814 0.065 

9.51 0.2573 0.075 
HgBa2CaCu2O6+x 

(Hg-1212) Tc  = 123 K 
9.36 0.2405 0.085 

50 Ref. 30 
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When the coupling constant is in the range 0.06 – 
0.30 and the Debye energy in the range 0.025 – 0.085 
eV, we obtain simultaneously the experimental values 
of the gap energy !(0)and the coherence length 
!0 (Table 5). The properties of the coherences length 
!0  and the superconducting gag !(0) for hole-doped 
superconductors are studied in more detail in Ref. 106. 
With experimental values of the superconducting gap 
ratio R  and the superconducting transition temperature 
Tc  and BCS formula of the coherence length !0 , we 
obtain the Fermi velocity vF  in the range (1 – 1.859) 
107 cm.s-1.  

8.4.2. The Average of the Fermi Velocity < vF >  

It is interesting to calculate the coherence length 
with the average of the Fermi velocity < vF > . This 
average of vF  is given by 

 

! < vF >=
! vFn k( )dk!

n k( )dk!
        (41) 

where n(k)  is the density of states and vF the Fermi 
velocity given by 

 
vF = 1

!
d!
dk"

.         (42) 

Introducing Eq. (42) in Eq. (41), we obtain 
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Finally, we obtain 
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With this formula, we obtain small values of the 
Fermi velocity. Our calculation shows that the average 
value of vF  is in the range (2 - 8)106 cm.s-1. The small 
value of the Fermi velocity is one the features of the 
cuprates. These values are smaller than those 
obtained from the maximum of the Fermi velocity. In 
conventional metal, the Fermi velocity is in the range (1 
- 2)×108 cm.s-1. The small value of the average of the 
Fermi velocity leads to small values of the coherence 
length !0 , although the higher Tc  also contributes to 

the decrease in !0 . Introducing Eq. (36) in Eq. (44) 
with D = !F , we obtain 
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where c = 0.3068 . This expression depends on the 
phonon interaction, on the width of singularity D, on the 
vibrational energy  !!0  and on the ratio n0 / n1 . 
Numerical calculation shows that !0  decreases when 

the effective mass carriers m!  increases. The 
coherence length decreases with the coupling constant 
!p = n1Vp . When the coupling constant !p  increases 
from 0.06 to 0.173, the coherence length decreases 
from 45.59 Å to 8 Å for n0 = 0  and it decreases from 
24.8 Å to 8 Å for n0 = n1 ( D = 0.645 eV,  !!0 = 0.045 eV, 
Figure 9). In weak coupling limit ( !p = 0.06 – 0.173), 
we obtain small values of coherence length !0  (8 – 25 
Å). These values are in good agreement with 
experimental results. 

 

Figure 9: Variation of the coherence length with coupling 
constant for different value of the ration 10 / nn . 

These values are obtained in a Fermi-liquid theory 
[116, 120]. In this theory the major normal and 
superconducting parameters of high- Tc  cuprates have 
been evaluated. For lanthanum compound La2-xCuO4, 
one obtained: !F = 0.1eV, m = 0.5m0 , 

vF = 8 !106 cm.s-1 and !0 = 20 Å. 
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8.5. The Superconducting Gap Ratio 

The high-Tc superconductors are characterized by a 
large value of the superconducting gap ratio 

cBTkR /)0(2!= . This ratio has an ordinary magnitude 
3.53 in conventional superconductors, but it is much 
larger, being 5 - 13 for the new superconductors. The 
large gap ratio is expected to be associated with strong 
anisotropy [44]. The large value of this parameter is still 
not understood. Various approaches based on 
electronic as well as phonon-based interaction, 
sometimes for isotropic s-wave and other times for d-
wave pairing, have been proposed to explain the large 
value of R [156-165] but the maximum values of this 
parameter are still much lower than the experimental 
results. At low temperature the attractive interaction is 
due essentially to the phonons and the 
superconducting gap ratio is close to the BCS value 

99.353.3 !=BCSR  for s-wave and from 4 to 5 for d-
wave. This is a very small variation between dR  and 

sR  ( 47.11!"! sd RR ). Both in s-wave and in d-wave, 
the theoretical values are still smaller than 
experimental values.  

In Jahn-Teller model [123], one obtain large value of 
the superconducting gap ratio R : 753.3 !! R . These 
values are greater than the BCS value 3.53but are still 
smaller than experimental results ( 137 !" ) of the hole-
doped cuprates.  

In a strong coupling method based on a Fermi-liquid 
approach, on obtain the maximum R  of order of 5! . 
The strong coupling is not sufficient to give the high 
experimental value of the superconducting gap ratio 
R [116]. 

In two-dimensional charges density waves (CDWs), 
the superconducting gap ratio R  varies very little from 
the BCS value 53.3 [165]. Large values of R ( 85 !" ) 
can be obtained in CDW model [166]. These theoretical 
values are still smaller than experimental values. 

The expression of the superconducting gap ratio R  
is obtained by using Eqs (25) and (35) 
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where A  and B  are given by the Eqs. (26) and (27) 
respectively. This expression is applicable to the 
cuprates as wall as the conventional superconductors. 
In low temperature, there is no magnetic excitations 
( 0=mV ) and Eq. (46) leads to 53.3== BCSRR . At high 
temperature, the attractive interaction is related only to 

magnetic excitations and equations (23) and (35) lead 
to the following expression of the superconducting gap 
ratio R  
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The parameter R  lies close the BCS value when  
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To have this ratio greater than the BCS value, the 
coupling constant p!  must be greater than the 

coupling constant related the magnetic excitations m! . 
Numerical calculation shows that when the coupling 
constant p!  increases from 0.079 to 0.120, the 
superconducting gap ratio R increases from the 5.99 to 
13.18 for 048.0=m!  corresponding to Tc = 88.14 K, 
and increases from 3.53 to 9 for 054.0=m!  
corresponding to Tc = 114.47 K (D = 0.645, 10 / nn  = 2 
and 045.00 =!! eV). We remark that even weak 
interaction can produce a large effect on the 
superconducting gap ratio R. For example, when m!  
varies from 0.048 to 0.054 ( m!" = 0.006), R varies from 
13.18 to 9 ( R! = 4.18). 

In a previous work [150] we have shown that when 

p!  varies from 0.0725 to 0.120, R increases from the 

BCS value 3.53 to 9 for 045.00 =!!  eV, and from 5 to 
13.69 for 085.00 =!! eV ( 645.0=D eV and 05.0=m!  ). 
Figures 10 and 11 show that the superconducting gap 
ratio R  increases when the effective mass 

!m increases. When the effective mass increases from 
02m  to 06m , R increases from 4.47 to 9.10 for 

035.0=D!! eV and from 7.47 to 13.74 for 075.0=D!!  

eV (Figure 10). For 06mm =! , the superconducting gap 
ratio R increases from 10.85 to 16.90 when the 
coupling constant pp Vn1=! varies from 0.11 to 0.14 
(Figure 11). At low temperature, our calculation shows 
that the superconducting gap ratio R is equal to the 
BCS value 3.53. This parameter is exactly evaluated 
numerically and it is found to be larger than 3.53. The 
value of R  lies in the range 3.53 – 4 when the Fermi 
level lies close to the van Hove singularity. In d-wave 
symmetry, the superconducting gap ratio dR  is still 
significantly enhanced from the BCS value 3.53. The 
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maximum value of R  is ≈ 5 when cT/0! →0 and the 
minimum value is predicted to be 4.3 in the limit 

cT/0! →∞. The maximum value of R in d-wave 
symmetry [161] is still much lower than experimental 
values. 

 

Figure 10: Variation of the superconducting gap ratio with the 
effective mass !m  for different values of the Debye energy 
( n0 / n1 = 1 , !m = 0.06  and !p = 0.12 ). 

 

Figure 11: Variation of the superconducting gap ratio with the 
effective mass !m  for different values of the coupling 
constant pp Vn1=!  ( n0 / n1 = 1 , !m = 0.06  and kB!D = 0.065  
eV). 

In order to have high-Tc (38 –135 K), experimental 
values of the gap energy and large values of the 
superconducting gap ratio, the coupling constant due to 
the magnetic excitations m!  must be smaller than that 
corresponding to the phonons p! . 

Numerical calculations show that when !m  is in the 
range 0.020-0.060 and !p is in the range 0.03 0.12, the 
superconducting gap ratio R  varies from the BCS 
value to 13. These values are in good agreement with 
experimental results (Tables 6 and 7). 

8.6. Properties of the Isotope Effect 

The high- cT  cuprates such YBa2Cu3O6+x and B-Sr-
Ca-Cu-O systems are characterized by a small isotope 
coefficient ! . This coefficient depends strongly on the 
hole concentration x  and can significantly exceed the 
BCS limit in low doping regime. When the 
concentration increases, the superconducting transition 

)(xTc  increases and reaches its maximum at optimal 
doping opx , while the isotope coefficient !  decreases 
and reaches its minimum at xop. 

The isotope coefficient !  is in the range 0.4-0.8 in 
low doping regime whereas it is almost negligible in 
high doping regime. In the absence of doping, the 
CuO2 plane has strong antiferromagnetic correlation 
and the insulating antiferromagnetic state is converted 
into a metallic paramagnetic one with doping. The 
isotope coefficient !  which is maximum at the border 
to the antiferromagnetic state decreases with doping 
and takes small value at optimal doping. The large 
value of !  in low doping regime reveals the role 
played. The small value of !  in high doping regime 
leads to suggestion that the attraction between 
electrons or holes might be related to another 
mechanism with possible phononic contribution.  

The quasi-2D structure of the cuprates leads 
naturally to a van Hove singularity (VHS) in the density 
of states. In this scenario, various approaches have 
attempted to explain the anomalous behavior of the 
isotope effect in high- cT  superconductors [106, 110, 
136, 163-165]. Other works have tried to explain the 
small value of this coefficient [167-170] In all these 
works, it has been considered only the phonon 
interaction. 

In the van Hove scenario both in weak and strong 
coupling, one obtain small values of the isotope 
coefficient, but these values are still larger than 
experimental values. 

In the van Hove scenario, with a weak coupling 
model of charge density wave CDW, the isotope 
coefficient can become very small [165] in comparison 
with 39.05.0 )( >> BFCDW!  for Balseiro-Falicov model 
[171]. In all these models only the electron-phonon 
interaction has been considered. 

In the interacting hole spin model, one obtain small 
value of the isotope coefficient corresponding to the 
maximum cT . For yttrium compound YBa2Cu3O6+x, the 
calculated value of ! is consistent with experimental 
value 02.0!  [6]. In this model, only the magnetic 
interaction has been considered.  
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To study the isotope effect, we consider the 
variation of the superconducting transition temperature 
cT  when varying !D . We know that !D  varies like 

2/1!M  and the isotope coefficient as defined in the 
expression !"# MTc , can be calculated from the 
following expression 

! = " # lnTc
# lnM

= 1
2
# lnTc
# ln$D

        (49) 

To determine the coefficient ! , we differentiate Eq. 
(25) with respect to D! . An exact expression of !  is 
obtained 
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where A and B are given by the Eq. (26) and Eq. (27) 
respectively. We can write Eq. (50) as 
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For the new superconductors and in absence of the 
magnetic excitations, we find the expression of !  
obtained in a previous work [133]. In this case, we 
remark that this coefficient decreases from 0.34 to 0.32 
when phonons energy varies from 0.025 eV to 0.065 
eV. These values are well over the experimental data 
( 02.00 ! ) for the high- cT  superconductors. In this 
situation, we distinguish the limiting cases 

Table 6: Theoretical Values of the Coupling Constant pp Vn1=! , Gap ! (0) and Superconducting Gap Ratio 

cBTkR /)0(2!=  for Some Cuprate Superconductors for Different Values of the Debye Energy ( 625.0=D  eV 
and 3/ 10 =nn ) 

Compound 
kB!D  (eV) 

 

!(0)  (meV) 

Eq. (35) 

!p  

Eq. (35) 

R = 2!(0) / kBTc  

Eq. (47) 

 
La2-xSrxCuO4 

38 (K) 

0.025 

0.045 

0.065  

13.022 

14.806 

15.820  

     0.099 

   0.079 

     0.071  

          7.95 

          9.03 

          9.65  

 
YBa2Cu3O7 

92 (K)  

0.025 

0.045 

0.065  

20.777 

23.045 

25.560  

     0.150 

     0.106 

     0.093  

          5.24 

          5.81 

          6.44  

 
Bi2Sr2CaCu2O8 

84 (K) 

  0.055 

  0.065 

  0.075  

35.073 

36.500 

37.133  

     0.130 

     0.120 

     0.112  

             9.68 

           10.07 

           10.25  

 
Bi2Sr2Ca2Cu3O10 

110 (K) 

  0.065 

  0.075 

  0.080  

45.275 

46.393 

47.630  

     0.144 

     0.133 

     0.130  

           9.54 

           9.77 

          10.04  
 

Table 7: Theretical Values of the Coupling Constants m!  and p!  Obtained from Experimental Values of cT  and 

)0(! for Mercury Compounds 

Compound !m  Eq. (23) Tc (K) !p  Eq. (35) !(0)  (meV) R = 2!(0) / kBTc  

Hg-1201 0.0260  97 0.0754  33  7.9 Ref. 30 

Hg-1212 0.0277  123 0.1076  50  9.5 Ref. 30 

Hg-1223 0.0285  135 0.1789  75  13 Ref. 30 
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1. for 00 =n , two cases are possible, (a) when 

FD !=  this leads to an exact result than 
obtained by Tsuei et al [135], when 

tD 177796.21= , we have the expression 
obtained by Szczesniak et al [136] 

2. for 4ln)2/1( 2
0 tn !=  and tD F 4== ! , we obtain 

the expression derived by Xing et al [108]. 

In all these cases, phonon energy reduces the 
isotope coefficient ! , but the values obtained by these 
formulas are still larger than experimental results. 

Equation (50) is a general expression describing the 
properties of the isotope effect for high- cT  
superconductors. Numerical calculations show that the 
isotope coefficient decreases with the superconducting 
transition temperature cT  in qualitative agreement with 
experimental [49-56] and numerical results [110] 
(Figures 12 and 13). When the temperature increases 
this coefficient decreases from 42.038.0 !"p#  to its 

minimum value 05.0006.0 !"m# . The origin of this 
behavior is related to the attractive interaction due to 
the magnetic excitation and phonons. In the absence of 
the magnetic excitations !  is large and cT  is low. On 
the other hand, when we neglect the electron-phonon 
interaction !  is zero and cT  is large. Yndurain has 
studied the variation of the isotope coefficient with hole 
concentration, considering spin density wave SDW in 
two-dimensional system. In this model, he has found 
that !  varies abruptly near the hole concentration 
where cT  is maximum and he has shown that !  
decreases with cT . When the SDW is large, the density 
of states varies very rapidly near the Debye frequency 
and therefore the isotope effect is large and when the 
SDW is small or zero the isotope effect is negligible. 

 

Figure 12: Variation of the isotope coefficient !  with the 
superconducting transition temperature cT ( 714.0=D eV, 

065.0=DBk !  eV, 6/ 10 =nn  and 026.0=! ). 

 

Figure 13: Variation of the isotope coefficient with max/ cc TT  
with 5.0=D eV, 085.0=DBk ! eV, 9/ 10 =nn  
and 026.0=! . 

In Jahn-Teller model [123], one obtains both 
positive and negative value of the isotope coefficient 
! . The values of !  are in good agreement with 
experimental data for the lanthanum and yttrium 
compounds. This model explains some negative values 
observed in high- cT  oxides. 

9. SUMMARY  

The high- cT  cuprate superconductors such La2-

xSrxCuO4 and YBa2Cu3O6+x are antiferromagnetic 
insulators in low doping regime. Upon hole doping, the 
antiferromagnetic order rapidly disappears and the 
system becomes a superconductor. In these 
compounds the magnetic correlations persist and are 
still present at optimal doping opx . The occurrence of 
superconductivity is obtained only after the complete 
destruction of the three-dimensional AF order. In these 
compounds, there is a coexistence between 
superconductivity and two-dimensional 
antiferromagnetic 2D-AF, characterized by a short 
magnetic correlation length decreasing with x . This 
indicates that the magnetic correlations survive in the 
highest cT .  

The superconducting transition temperature )(xTc  
increases with hole concentration and reaches its 
maximum at optimal doping opx . The overdoped state 
is characterized by a drastic decrease in cT upon 
overdoping. Additional increase in hole doping leads to 
a total suppression in superconductivity.  

The electronic properties of these new compounds 
are almost two-dimensional. All high- cT  
superconductors are anisotropic and the good 
conductivity occurs essentially in the CuO2 planes. The 
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Cooper pairs are concentrated near CuO2 planes and 
propagate along these planes. The nearly 2D electronic 
structure leads to van Hove singularities in the density 
of states coinciding with a saddle point in )(k!  surface. 
The peak of the density of states is located above the 
Fermi level F!  and the separation VHSF !! "  is 
identified to the pseudogap pg!  (PG). When the Fermi 
level coincides with the singularity, a band Jahn-Teller 
is expected which leads to a structural phase transition 
from the tetragonal phase to an orthorhombic one. The 
unique van Hove singularity of the tetragonal phase is 
splitted into two singularities with the Fermi level lying 
between them, in a region where the density of states 
is low. The separation between the two singularities 

21
VHSVHS !! " is proportional to the SDW order SDW! .  

At optimal doping the VHS is close to the Fermi 
level F!  in all cuprate superconductors. The separation 

FVHSF !""" =#  which is identified to the pseudogag 

pg! , is suppressed to zero at optimal doping opx  

( 0=! ).  

The electrical resistivity )(Tab!  varies with doping. 
At optimal doping, the cuprate superconductors are 
characterized by a T -linear resistivity that survives for 
all cTT > . This linearity of the resistivity is a universal 
feature confirming that it is intrinsic to the CuO2 planes. 
In low doping regime, the resistivity deviates from 
linearity at much higher T and its value decreases with 
hole concentration in a manner similar to )(xpg! . It 
seems that there is a correlation between the electrical 
resistivity and the pseudogap. 

The Hall constant HR  of hole-doped cuprates 
varies markedly with both x  and T . There is a 
symmetrical change in sign of the Hall constant both in 
hole doped La2-xSrxCuO4 and electron doped Nd2-

xCexCuO4. These two compounds are symmetrical with 
regard to the change in the mechanism conduction with 
composition. The superconductivity is obtained near 
the crossover region of the sign.  

In low doping regime, the Hall constant varies 
as: xxRH /1)( ! . When the doping increases, the 
compound becomes metallic and the Hall constant 
deviates from the curve expected [20]. 

The Hall constant )(TRH  decreases with the 
temperature T . At optimal doping this coefficient varies 
as: TTRH /1)( ! . It appears that there is a correlation 
between the electrical resistivity, the Hall constant and 
the pseudogap pg! . 

The total gap )()()( 22 TTT pgsg !+!=!  is nearly 

constant and consistent with experimental results. At 
low temperature, the total gap becomes a pure SC gap, 
but at high temperature it is a pure pseudogap 
( !<< TTTc ), and at intermediate temperatures the gap 
has two contributions, one form the superconducting 
gap and the other form the pseudogap. This 
pseudogap )(xpg! decreases with doping x and it is 

suppressed to zero at optimal doping opx  while the 

superconducting gap sg!  increases and reaches its 
maximum at opx . This pseudogap can be described by 
CDW state or SDW. The significance of the various 
forms of CDW ( CDW! ) and SDW ( SDW! ) is still not 
understood. Their detection, characterization and 
relationship with superconductivity remain open 
problems. 

There are two superconducting gaps: s! with s -
wave symmetry and d! with d -wave symmetry. The 
presence of the two superconducting condensates with 
different symmetries s  and d  in high- cT  
superconductors has been suggested by Muller [172, 
173] and confirmed by experimental results for 
La1.83Sr0.17CuO4 [174]. Experimentally, the ARPES 
spectra consist of two kinds of gap: a large smooth 
pseudogap and a relatively sharp small gap which 
exists in the ipp +  superconducting region only [175]. 
The pseudogap survives to very high temperatures 
whereas the much smaller ipp +  superconducting gap 
does not. The pseudogap state and the 
superconducting state is recently discussed in mean 
field theory [176]. 

In the weak coupling limit ( 12.003.0 !"p# ), we 
obtain simultaneously large value of the gap energy 
and small values of the coherence length 0! . The 
values obtained in this model are in good agreement 
with experimental results. 

Our calculations show that the Fermi energy is in 
the range 0.1 – 1 eV, the Fermi velocity is in the range 
(2 - 8)10-6 cms-1 and the coherence length 0! is of order 
of 2008!" Å.  

In order to have small value of the Fermi velocity 
and short coherence length, the effective mass tends to 
be large. 

In the Fermi liquid approach, one obtain the same 
values of these parameters. For example, one obtain 
the Fermi energy !F " 0.1  eV, the Fermi 
velocity 6108!"Fv  cms-1, and the effective mass 

05mm !" . 
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Our numerical calculations show that when m!  is in 
the range 0.020 - 0.06 and p!  is in the range 0.03 - 
0.12, the superconducting gap ratio R  varies from the 
BCS value to 13. The superconducting gap ratio 

cBTkR /)0(2!=  increases with the superconducting 
transition temperature cT . The values of R  are in good 
agreement with experimental data. Recently it has 
been found that the superconducting gap energy is 
correlated with the value of the pseudogap temperature 

!T [177]. On the other hand, no correlation between 
2Δ(0) and the critical temperature cT  has been found. 
These values mean that cBTkR /)0(2!=  can vary very 
strongly together with the chemical composition, while 
the parameter !"= TkR B/)0(2 does not change 
significantly. 

The isotope coefficient decreases with T  and 
reaches its minimum at optimal doping. At low 
temperature the isotope coefficient is large but at high 
temperature this coefficient is very small. When the 
superconducting transition temperature cT  increases 
the isotope coefficient !  decreases from its maximum 
value 40.038.0 !"p#  to its minimum value 

05.0006.0 !"m# . These values are in qualitative 
agreement with experimental results. 

In the Jahn-Teller model, one obtain high cT  and 
large value of the superconducting gap ratio 753.3 !" . 
In this model [123], one obtains both positive and 
negative value of the isotope coefficient ! . The values 
of !  are in good agreement with experimental data for 
the lanthanum and yttrium compounds. This model 
explains some negative values observed in high- cT  
oxides. It seems the electron-doped superconductors 
are very described in this model.  

It is interesting to develop the JT model in the van 
Hove scenario and compare with our results. 

In conclusion, we have obtained general 
expressions for the superconducting gap ratio R  and 
the isotope effect !  which have been derived with the 
van Hove singularity in the weak coupling case. These 
expressions are applicable to the cuprates as well as 
the conventional superconductors. At low temperature, 
we obtain the experimental values of R ( 653.3 !" ) and 
! ( 05.0! ) for the electron-doped superconductors. At 
high temperature, we obtain large value of R ( 137 !" ) 
and small value of ! ( 05.0006.0 !" ). These values are 
in good agreement with experimental results for the 
hole-doped superconductors. Based on our results, we 
predict that these two parameters are correlated with 
the pseudogap temperature !T . The Fermi velocity 
Fv and the coherence length !  are also evaluated and 

discussed in more detail. 

The competition between phonons and magnetic 
excitations, in the van Hove scenario, can provide a 
basis for understanding the high cT , large 
superconducting gap ratio R  and small isotope 
coefficient ! , and possibly the origin of high-
temperature superconductivity. 
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